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1 ; 1 I
i Chapter 7 g
y 1 i 1
" Integrals "
1 1
1 ! 1 I
: 1 Integration by Substitution & Trignometric Identities : I
] ]
1 I 1. Integration by Substitution 1 I
1 1
| Let g be a function whose range is an interval |, and let f be a function that is |
II continuous on L. If g is differentiable on its domain and F is an antiderivative of fon |, II
1 1
L, then J f(g(x))g'(x) dx = F(g(x)) + C. !
1 ) 1 i
! . [ i
[ [fu=g(x),thendu=g'(x)and ¥ f(u)du=F(u) +C. 1
i I Guidelines for making a change of variable I 1
1 I
|| 1. Choose a substitution u = g(x). Usually, it is best to choose the inner part of a ll
1 composite function, such as a quantity raised to a power. |I
]
'. 2. Compute du = g'(x) dx. :|
]
. . 3. Rewrite the integral in terms of the variable u. .I
1 I
II 4, Evaluate the resulting integral in terms of u. I I
1 1
'l 5. Replace u by g(x) to obtain an antiderivative in terms of x. II
1 |
1 . The General Poser Rule for Integration I i
1
i ; fgox)™ '
I - : ; | [900)1" g'(x) dx = +C, n=e-1 I
i If g is a differentiable function of x, then * n+ lI
]
]
1 ' Rationalizing Substitutions 1
1 1
II Some irrational functions can be changed into rational functions by means of '|
lI appropriate substitutions. .I
1
" . - - : o) '
. In particular, when an integrand contains an expression of the form V ' then the 1
II substitution u = Y9X) may be effective. |I
|
1 I 1
] ]
1 1
] ]
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1 1
1 1
1 1
1 1
! I Some Standard Substitutions . I
'| (i) I = n € N Take x" common & put 1 + x™" = t. '|
. Y ox(x" = 1) [
1 1
1 1
I (ii) r 1){,,_1),“ neN,take x» common & putl + x=1tr I
1 1
1 1
| T 1
lI (iii) l 1+ ") take x" common as xand put 1 + x"=t. II
Il ll
Il (iv) f\ = dx or {\J(x—a)(B—xj ; put X = o cos28 + B sin26 Il
] ]
1 1
Il (v) j.\‘ dx or { (x—a)(x-B) ; putx = a sec?s — B tane |I
1 1
1 1
'l 2. Integration Using Trigonometric Identities II
1 1
1 In the integration of a function, if the integrand involves any kind of trigonometric 1
. . function, then we use trigonometric identities to simplify the function that can be I '
II easily integrated. II
1 1
[ Few of the trigonometric identities are as follows: II
1
' 2 1 2 II
1 i e R R
§ 1 2 II
Il COSZ r — Tcgs x |
1 II
1 : in z-sin 3
I Sm3$= 3 sin r—sin 3z I
[ o i
1
I C083 g — 3 cos T4cos 3z I
1 4 1
1 1
1 1
.' All these identities simplify integrand, that can be easily found out. .'
1 1
i Solved Examples: '
1 1
| _[ '|
' Ex.1 Evaluate | (x? +1)2 (2x) dx. !
ll Sol. Letting g(x) = x2 + 1, we obtain g'(x) = 2x and f(g(x)) = [g(x)]2 II
1 1
1 1
1 1
i i
1 1
] ]
1 1
] ]
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] ]
| 1
| i
! i From this, we can recognizze that the integrand and follows the f(g(x)) g'(x) pattern. ' i
2 a2 o = —{x2 4+ 1P+ C.
+1)7 (2
'. Thus, we can write f (X7 (2x) 9 'l
1 1
] ]
I L [
i Ex.2 Evaluate = (1=2X7)° 9,
| ¥ u-1) |
1 u du —“_’—1- 1
I 212 (_ax)dx _ (1-2%")" !
(1-2x7) 2 (AX)dx === _,C 3 4. 2ydx.
'I Sol. J. -1 Ex.3 Evaluate [ s B lI
1 Sol. 1
i ]
1 _ 1
II Letu=x*+2 = du=4x3dx II
1 1
.I [ x3cos{x® +2)dx = ~fc:r:nsu%t:lu=%f|:osiumi II
1 1
1 5 ; 1
II =35mu+c =?sin{x'+2)+c ll
1 1
1 |
1 x2dx I
l' J. e II
’ Ex.4 Evaluate I
1 1
1 Sol. 1
1 II
1
1 Letu = x3 - 2. Then du = 3x2 dx. so by substitution : 1
lI II
I [ xPdx - du/3 _11 -s4, |
1 3 -2 5 5 |
1 !
1 'I
! o4
II =%T—+C=—é(x3—2)“+c. .I
1 — |
i X4 i lI
'l Ex.5 Evaluate © X i
1 1
|I Sol. Letu = v*+4 Thenu?=x+ 4, sox =u2-4 and dx = 2u du. |l
1 1
1 1
B I"x+4dx=j 2u 2u du |
lI Therefore % u" -4 |I
1 1
1 1
1 1
1 1
1 1
] ]
1 1
i ]
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| 1
] ]
| 1
| i
1 2 i 1
l = ——— = I
; 2| 7 du 2]’(1+u2_4]au i
1 1
| 1
1 du 1 u-2 i
= du+8 | —— = —_ il
II Ef u+ ju2—4 u+8. 55 fn 5+ C II
| 1
) 5w S e |
i SRR TSR el * 0
1 1
1 1
1 1
] ]
. Cl.‘a:)< .
I Ex.6 Evaluate * 1+¢€ I
II II
II Sol. Rewrite the integrand as follows : II
1 e " g 1
I 1 Lo e 2 1 i e — o¥ . — R l
ll 1+eX T o [1+ex J = (u=e*+1;du=-e*dx) Il
1 II
| —x =
R ek g -
Il Ll =-In(ex+1)+c (- ex+1>0) II
1 1
1 1
1 B 1
1 1
! Ex.7 Evaluate Y secx dx 'l
1 1
1 Sol. Multiply the integrand sec x by sec x + tan x and divide by the same quantity : 1
1 sec(secx+tanx) sec xtanx +sec? x II
1 Jsecxdxzf dx=J dx
1 secx +tanx secx +tanx |
|‘ Now put u = sec X + tan x = du = (sec x tan x + sec?x) dx ||
1 PR 5 1
g we find SEENIARE FREL. Higype. ‘E =fn|u] +C={(n|secx +tan x| + C I
I secx+tanx Ju ll
1
1 |
§ j ll
I I Ex.8 Evaluate * cos x (4 - sin2 x) dx I
1 Sol. Put sin x = t so that cos x dx = dt. Then the given integral lI
i P T
1 I\}(d—tz)cﬁ: [ V(22 -1?) at lI
I —r1 L
1 |
§ II
1 1. == 2 .
I = =t 22 —t%) + — sin 1 (t/2) + ¢ 1
1 2 vi ) 2 1
I 1
1 1
1 1
1 1
] ]
1 1
i ]
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1 1
| |
| |
| |
I 1 — I
'l = 5 sinx. J(d—=sin®x) + 2 sin"! (1/2 sin x) + ¢ 'I
1 1
1 1
| |
' . Ex.9 Integrate ! I
[ | 1
il e e il
'l ) eXye*’ l|
I 10x° +10* log, 10 I
1 i (il) 1[])! . X1D 1 )
| |
| |
| 1
1 Sol. 1
1 1
1 W— 1
1 ; re’—e L - - 1
1 (i) LetlI = I g dx. Now putting e* + e = t, so that (e* - &) dx = dt, 1
| ' |
1 _ |
[ we have I= .[(1”}0? =logt=log (e* + ). |
1 |
y 10x® +10* .log, 10 I
I| (ii) Here I= j — 'ng dx. Now putting 10* + x'°=t, and (10*log, 10 + 10x%) dx = dt, II
+X
1 !
1 [ X 10 I
1 we have I= | (1/t)dt=logt=log (10" +x ") +c 1
1 . |
1 1
[ 1
i Ex.10 Integrate I !
1 |
1 1 |
ll 0] xcos?(1+logx) ’ ||
ll 1 'I
= X(1+logx)™
Il (n) (1+log ) .I
] |
1 |
|
. Sol. .
] ]
1 1
] ]
1 1
] |
| [ |
] ]
1 1
] |
1 1
| |
1 1
| |
| 1
| |
1 |
] ]
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| 1
] ]
| 1
| i
I. (i) Herel = faxl{x cos? (1+log x)} - Putting 1 + log x =, so that (1/x) dx = dt, we have '.
1 = 1
i - 5 . |
lI 1= |dt1cos t:jsec*tdt:tant:tan (1 + log x) + c. ll
1 1
II (ii) HereI = jdx!{x(1+log %Y} Putting 1 + log x = t, so that (1/x)dx = dt, we have II
i |
ll dt t—m—:l (1+Iogx)‘“"’1 1 ll
=l = — - 1-m
'| I_-[tm = Tmil = (1—m) = {1-m) (1 + logx) + c. I|
1 1
] ]
1 1
1 Ex.11 Integrate 1
| |
Il cot x II
1 ) log(sinx) 1
.I tanx II
|' (ii) (log(secx) Il
1 1
1 lI
1
1 Sol. |
1 1
I i < L— 1 I|
I' (i) Here pres (log sin x) = prve: cos x = cot x. "
1 II
1 cotx dx rcotx dt .
I' = ) iogsiix = | e = log |log (sin x)|+ ¢ 'I
1 1
I' B I I anxax Il
q (ii) We have 7logsecx = log |log sec x| + ¢ I
1 |
1 e 'I
n Ex.12 Integrate V(1 SN%) I
1 1
] |
1 |
] Sol. i
1 1
i . : i
.I We have I = _(\!{Hsinx)dx = r {l—cos(g-e-x}} dx = | l|
[ ¢ | \ y 1
i i _ .' \ |
1 Now puu'c§+'—T = TE= ;dx=dt0rdx=2dt,wehave1=ijzsin*t(2dt)=—2\f§cosli+£J:—c 1
i 2. "4 2 2 4 I
1 : Ex.13 Integrate cos®x. 1 .
1 |
1 Sol. i
1 1
[ |
1 1
f |
1 1
i ]
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]
|
|
|
Icossxdx = Icos“xcnsxdx i
1
lI
= | (1-sin®*x)?cosxdx = | (1-t%)* dt ,
I -‘ [put sin X = t = cos x dx = dt] |I
]
1
- Jo-22+tdt —t- 2y Ly I
3 5 1
|
_sin°x 2 . 2 . 1
= — =8I X +SsINX+ ¢ |
5 3 1
i
1
cos” x 1
Ex.14 Evaluate * sin”x "
II
Sol. I
II
5 4
LetI= I‘Ez-—x dx = J‘Eﬁzf €os X dx 1
sin” x sin“ x |
|
{1-sin? x)? l|
=Ifmsxdx[putsinx=t:msxdx=dt] 1
sin~ x
1
II
I o e & i o
1
1 1 i II
= I[t—z-2+12}dt=—¥—2t+ - ’
|
3 |I
=-;-25inx+5mx |
Sinx
|
]
1 1
=—c05ecx—25inx+§5in3x+c . 1
Ex.15 Integrate 1/(sin3 x cos5x). 1 ‘
|
Sol. Here the integrand is sin—3 x cos~5x. It is of type sin™ x cos” x,where m + n = -3 - 8
5 = -81i.e, -ve even integer ll
1
J' dx _[ dx 1
1= Gn¥xcos® x * (sin? x/cos® x)cos® x cos® x 'I
|
_!-sec:B xdx J-secﬁx.seczxdx _J-(1+tan2x)3 sec? xdx II
oy (tan®x) tan® x i
|
|
|
]
1
]
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| 1
1 1
| 1
| i
II Now put tan X = t so that secZ2x dx = dt ll
1 1
1 129 1 3 1
; Cp- [0 i} dt _ J(t_g,\Tmm) i '
1 : 1
1 1
1 1 1
1 =—E2'+3Iogt+%tan3x+%tan3x 1
| |
| |
] ———— ]
1 Ex161 1/ \(cos® xsin® x) 1
.| x.16 Integrate |l
] ]
1 1
| Sol. Here the integrand is of the type cosm x sinnx. We have m = -3/2,n=-5/2, m |
ll + n = -4 i.e, and even negative integer. ll
1 1
.I j dx B dx Il
! Vicos®xsin®x) Icosyzxsinsmx i
Il =J_ dx Il
1 cos*/ % x(sin"/ % x /cos”' % x)cos® < x |I
1
1 i
1 = j B = _[ sec”x X= J-iczx sec? x dx !
; 1 cost xtan® 2 x tand2 x a2 x i 1
1 1
[ 2 2 |
1 == J (:EPE:] sec?x dx = _[Et;%l dt, 1
II ,putting tan x = t and secZx dx = dt 'I
1 1
1 ~512 , +~1¢2 2 . |
1 = j(t +17)dt e =32 4 PEY2 |I
1
1 1
1 2 — 2 I
1 =-7 (tan x)732 + 2(tanx)*? = 2 j(tanx) -= (tanx)"¥?+ c 'I
1
1 1
2 i
il Ex.17 Evaluate ~ VSIN(X+@)cos’(x—B) "
1
1 1
I Sol. 1
] ]
i _ _ 1
1 Putx-f=y = dx=dy .I
1
. Given integral y
" gra i
1 1
1 1
1 1
1 1
1 1
] ]
1 1
i ]
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| |
| |
1 1
| |
| 1
I - dy 1
ot ycos® ysin(y +B+a) "
| |
II dy |
. S |
= T N =
Il =I=J \1'5053 ysm()H-e) (8=a+p) Il
| |
| |
i " dy |
' = J |I 3 o - l
i ycos” y(sinycoso+ cosysiné) i
| 1
| |
1 dy 1
II = 7 Jcos* y(cosetany +sine) II
1 1
lI B [ seczydy Il
1 ~ < J(cosBtany +sing) 1
'I II
Il Now put sinf + cosb tan y = z2 = cosq sec2y dy = 2z dz I|
; 2zsecBd II
| _ sec 6dz
1 = 1= = [
1 |
l' : II
1 = 2 s5ece ||M +C: 1
1 1 cosy [
1 1
1 II
1 [sin{x+a)
II = 2 gec (o + B) \'cos(x—ﬁ)+ II
1 II
|l 5x% +4x° 1
5 ]
" Ex.18 Evaluate * (X” =x+1)" dx y
1 'I
|
II Sol. .|
| |
] |
1 : j' 5x? + 43 p J‘ x*(5 + 4x)dx 1
— }{ — 3
lI (x%+x+1° xm[1+ 1, ‘[]2 II
1 xt  x® |
1 1
1 |
1 5/xP +47x5 1
1 [1+ L 1 J 1
1 x* x5 |
1 |
] |
| |
1 |
| |
| |
1 |
| |
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1 1
1 1
1 1
1 1
I| t1 2 i =1t l'
. putl + < + £ I
1 1
1 1
1 1
5
II = [-K—S-T]dx=dt=j-? = +cC II
1 1
1 1
l' - — -+ C= < +C l'
1 P xT+x+1 1
i x* x i
1 1
1 I 1 |
. Introduction to Integrals I
1 1
g 1 Integral Calculus I I
1 1
ll  Integral Calculus is the branch of calculus where we study integrals and their II
[ properties. 1
; 1 « Integration is a very important concept which is the inverse process of Il
I differentiation. Both the integral calculus and the differential calculus are I
II related to each other by the fundamental theorem of calculus. 1 I
1 « Ifwe know the f of a function that is differentiable in its domain, we can then 1
l' calculate f. In differential calculus, we used to call f, the derivative of the II
I function f. Here, in integral calculus, we call f as the anti-derivative or 1
l. primitive of the function f'. And the process of finding the anti-derivatives is |I
1 known as anti-differentiation or integration. 1
II « Integration can be classified into two different categories: I|
1 (i) Definite Integral I
ll (ii) Indefinite Integral 1 I
1 1
1 Definite Integral ' I
1
1 1
I « Anintegral that contains the upper and lower limits i.e. start and end value, 1
II then it is known as a definite integral. On a real line, x is restricted to lie. II
W Definite Integral is also called a Riemann Integral when it is restricted to lie |
.I on the real line. ll
1 b 1
; [, f(z)d=z i
! I « A definite Integral is represented as: I
1 1
. g Indefinite Integral I I
] 1
1 1
1 |
1 1
i i
1 1
] ]
1 1
] ]
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1 1
1 1
1 1
1 1
! i + Indefinite integrals are not defined using the upper and lower limits. It ' i
1 represents the family of the given function whose derivatives are f. It returns 1
1 ' a function of the independent variable. i '
I » The integration of a function f(x) is given by F(x) and it is represented by: I
II Jf(x) dx = F(x) 4+ C, where R.H.S. of the equation means integral of f(x) with II
1 respect to x. 1
.' F(x) = Anti-derivative or primitive .'
0 f(x) = Integrand 0
'I dx = [ntegrating agent. ll
1 C = Constant of integration. 1
.' x = Variable of integration. .'
| + It may seem strange that there exists an infinite number of anti-derivatives 1
ll for a function f. '|
1 Example: Let us take f' (x) = 3x2. 1
.' By hit and trial, we can find out that its anti-derivative is F(x) = x3 because if |l
1 you differentiate F with respect to x, you will get 3x2. 1
'l There is only one function that we got as the anti-derivative of f(x). Il
1 If we differentiate G(x) = x3+ 9 with respect to x, we would get the same 1
. . derivative i.e. f(x). 1 '
1 « This gives us an important insight. Since the differentiation of all the |
" constants is zero, we can write any constant with F(x) and the derivative ||
1 would still be equal to f(x). Thus, there are infinite constants that can be 1
l. substituted for C in the equation ||
1 Hence, there are infinite functions whose derivative is equal to f. C is called an 1
! arbitrary constant or the constant of integrati !
. y gration. I
1 1
II Properties of Indefinite Integrals: I !
1 (i) The process of differentiation and integration are inverses of each other. ] I
1 d
! —j‘.ffr\’l dr =f(x) f'(x)dx = f(x) +C '
'. ie. dx and j S / '|
1 (ii) Two indefinite integrals with the same derivative lead to the same family of ! "
1 : curves, and so they are equivalent. [
1 (iii) The integral of the sum of two functions is equal to the sum of integrals of the II
'. given functions, 1
1 ; 5 1
i . “f (x)+g (A‘)] dx= I‘} (x)dx + jg(__r) dx |
1 ie. lI
I -
1 ) fpf(x) dx = pJ f(x) dx 1
. I (iv) For any real value of p, I I
i (v) For a finite number of functions fy, f; .... fn and the real numbers p1, p2...pn, i
L JIpifi(x) + paf2(X) ..tpafa(x) ]dx = p1f fi(x)dx + p2[f2(x)dX + ..... + P fa(X)dx "
1 1
i i
1 1
] ]
1 1
] 1
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1 1
1 1
1 1
1 1
' i Methods of Integration ! i
1 1
.' 1. Integration by substitution: In this method the integral [f(x)dx is expressed in .'
¥ terms of another integral where some other variables say t is the independent |
! I variable; x and t being connected by some suitable relation x=g(t). L "
i It leads to the result [f(x)dx=/f(g(t)). g'(t) dt 1
1 1
g i 2. Integration by parts: This method is used to integrate the product of two | i
ll functions. If f(x) and g(x) are two integrable functions, then ll
I d f(x '
- /f(:l.‘)y(;[.‘) dy = fil=z) /g(:l.‘) dr — / { ‘);( ) /g(:z') d;z.'] da 4
] ax I
1 1
.' i.e. The integral of (product of two functions) = first function * integral of the second |I
.I - integral of (derivative of first function * integral of the second function) II
I 1
1 In order to select the first function, the following order is followed: II
1
I| Inverse — Logarithmic — Algebraic — Trigonometric — Exponential :|
1
|| 3. Integration by a partial fraction: If the integral is in the form of an algebraic 1 !
l' fraction that cannot be integrated then the fraction needs to be decomposed into i I
I partial fractions. I
1 1
1 ! Rules for expressing in partial fraction: |I
1 I
II + The numerator must be at least one degree less than the denominator. I I
1 1
I A d I
'| « For every factor (ax+b) in the denominator, there is a partial fraction ax+b |
'I « Ifafactor is repeated in the denominator n times then that partial fraction 'l
[ should be written n times with degree 1 through n 1
i I « For a factor of the form (ax?*+bx+c) in the denominator, there will be a 1 !
I Ax+B g
e
2 1 partial fraction of the form ax“+bx+c 1 i
1 1
i Uses of Integral Calculus : i
1
. i Integral Calculus is mainly used for the following two purposes: . I
1 1
I « To calculate f(x) from f'(x). If a function f is differentiable in the interval of 1
n . . . < . . . i
1 consideration, then f is defined in that interval. We have already seen in 1
i
1 ! 1
] ]
1 1
] 1
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| 1
1 1
| 1
| i
Il differential calculus how to calculate derivatives of a function. We can “undo” ll
1 that with the help of integral calculus. 1
.' « To calculate the area under a curve. .l
1 Until now, we have learned that areas are always positive. But as a matter of i
A . fact, there is something called a signed area. L I
| 1
I 1 Integral Calculus Formulas I '
] ]
'I We had differentiation formulas, we have integral formulas as well. Let us go ahead ll
1 and look at some of the integral calculus formulas. 1
II II
lI « Jadz=az +C lI
II » [;dz=In|z|+C II
.I - [efdz=e*+C Il
'I » [aTdz = l;"a T II
I' « [hzdz=zlhz—z+C Il
Il « [sinzdzr=—cosz+C l|
II « fcoszdz =sinz+C I|
lI « [tan dz =In|sec z|+ Cor —In|cos z| + C II
1 « Jcot zdz =In|sin z| + C II
'| « [sec zdr =In|sec z +tan z| + C 1
I. « [csc zdz =In|csc z—cot z|+ C '|
I' « [sec? zdr =tan z+C II
'. » [sec x tan z dr =sec z + C I|
" e [esc? zde =—cot 2+ C II
n « [tan? zdr =tanz —z+C '.
1 S - - L 1
II . J ——a arcsin(£) + C |I
-  dr . | . [ 5 i
.I . J \‘I,"_'ﬂ2 = = EE{ICSIB(E) =% (—' 1
0 II
1
. 1 Application of Integral Calculus 1 i
1 1
1 " The important application of integral calculus are as follow: ! I
1 1
: 1 « The area between two curves . .
I « Centre of mass I
'I « Kinetic energy ll
1 1
| 1
1 ll
i
e e e e e S = PAga130f70 g e ey =
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1 1
1 1
1 1
1 1
'. + Surface area ll
1 « Work .
.' « Distance, velocity and acceleration .l
1 + The average value of a function |
II + Volume II
I . « Probability 1 ;
1 1
i 0 Integral Calculus Examples ; 0
1 ; Example: Fmd the integral for the for the following function. 1 Y
! () fx) = !
1 1
] ]
1 — — 1
. f f(z)dx / Vzdy= f z? dx .
1 1
[ il [
I / Ve dr = / o +C I
I 141 I
1 1
|l 1 II
w5+l ‘
i o 2 4 |
I = F(z) = 5 + =z C [
] 3 +1 3 |
1 = 1
1 i
i (i) f(x) =cos2x II
[ 1 5 1 [
i F(z) = [ cos*zdzx = 5 [ 2cos"zdr = 5 (cos2x — 1)dx ':
I el
1 1
I 1 I
" =% Fle] = 5 cos2xdr — | ldz II
1 1
i ) |
I f f(k ———+ C and / cosxdr = sinx+C I
1
1 1
I 1 smz & 1 | sin2ax '
1 cLoF(x) = = +C1 — (z+ Ch = — —z| +C I
" () =3 l 2 1= | =32 "
1 1
]
1 : Integration by Partial Fractions |
i 1
Il Introduction '|
1 1
' ! We know that a Rational Number can be expressed in the form of p/q, where p and 1 !
| q are integers and q#0. Similarly, a rational function is defined as the ratio of two i i
1
i i
1 1
] ]
1 1
] ]
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1 1
1 1
1 1
1 1
! i polynomials which can be expressed in the form of partial fractions: P(x)/Q(x), ' i
1 . where Q(x)#0. 1 I
1 1
| 1. Proper partial fraction: When the degree of the numerator is less than the |
! I degree of the denominator, then the partial fraction is known as a proper L "
1 partial fraction. 1
. 1 2. Improper partial fraction: When the degree of the numerator is greater than . !
| the degree of denominator then the partial fraction is known as an improper |
'I partial fraction. Thus, the fraction can be simplified into simpler partial ll
1 fractions, that can be easily integrated. 1
] |
1 1
1 In this section, we show how to integer any rational function (a ratio of 1
ll polynomials) by expressing it as a sum of simpler fractions, called partial fractions, ll
1 that we already know how to integrate. To 1llustrate the methoaq, observe that by 1
h Iready k h i Toill h hod, ob hat b
.' taking the fractions 2/(x - 1) and 1/(x + 2) to a common denominator we obtain Il
I 1
1 2 1 2Ax+2)-(x-1) X+5 Il
|l x-1 x+2  (x-Dx+2) T x2ix-2 [
1 If we now reverse the procedure, we see how to integrate the function on the right I |
'| side of this I
I X+5 2 ] I
1 L = - } =-2 -_ —_— 2 I
| equation -[x2+x—2 = -[[.X-l %+3 )% e -EETaes II
ll To see how the method of partial fractions works in general, let's consider a rational 1
! P(x) i
I on P gix) [
. function i
1 Where P and Q are polynomials. It's possible to express f as sum of simpler fractions |
ll provided that the degree of P is less than the degree of Q. Such a rational function is I I
" called proper. Recall that if P(x) = axX"+ 8, X"+ .. Hax+ gy II
1 where an # 0, then the degree of P is n and we write deg (P) = n. 'I
I o
1 If f is improper, that is, deg(P) = deg (Q), then we must take the preliminary step of 1 "
|' dividing Q into P (by division) until a remainder R(x) is obtained such that deg (R) [
.I < deg(Q). The division statement is II
]
i vy i 0 R(x) '
¥) = — x |
1 : Q(x) Q(x} where S and R are also polynomials. As the 1
i i following example illustrates, sometimes this preliminary step is all that is required. . !
1 1
1 1
'I " v lI
I Ex.1 Evaluate © x-1 dx. it
i i
1 1
] ]
1 1
] ]
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1 1
1 1
1 1
1 1
1 1
i ]
1 Sol. Since the degree of the numerator is greater than the degree of the 1
.l denominator, we first perform the long division. This enables us to write .l
! L G 7 ¥ . x '
3 Di_— | d= T~ § T - 2% + iR
II [ — dx_[l‘x + X+ | dx 3 + 5 +2x 4+ 2in|x-1| +C II
1 1
1 ' The next step is to factor the denominator Q(x) as far as possible. It can be shown 1 '
lI that any polynomial Q can be factored as a product of linear factors (of the form ax II
I + b) and irreducible quadratic factors i
1 1
.' (of the form ax? + bx + ¢, where b? - 4ac < 0). |'
] ]
" For instance, if Q(x) = x* - 16, we could factor itas Q(x) = (x2-4) (x2 +4) = (x - 2) "
1 (x+2)(x2+4) 1
.' The third step is to express the proper rational function R(x)/Q(x) (from equation II
1 1) as a sum of partial fractions of the form 1
1 Il
1
1 A Ax+B 1
|| (ax +b)' o (ax® +bx +c) |:
]
I. A theorem in algebra guarantees that it is always possible to do this. We explain the I|
ll details for the four cases that occur. II
1 1
: 1 Case I : The Denominator Q(x) is a product of distinct linear factors. 'I
1 I
1 This means that we can write Q(x) = (a1x + b1) (a2x + b2) ... (akx + bk) 1
.' where no factor is repeated (and no factor is a constant multiple of another). In this I !
1 case the partial fraction theorem states that there exist constants A1,A,...,Ax such |
" that. i
1 R(x) Aq Ay Ay 1
|I (2) Q(x) = a;x+b; T ax+b; T Faxib .l
| These constants can be determined as in the following example. Il
1
1 1
1 1
i x>+ 2x =1 i
II Ex.2 Evaluate * 2x” +3x” - 2x dx, .'
i 1
1 II
|' Sol. Since the degree of the numerator is less than the degree of the denominator, 1
L I we don't need to divide. : .
1 |
II We factor the denominator as 2x3 4+ 3x% - 2x = x(2x2 + 3x - 2) =x(2x- 1) (x + 2) ll
1 1
1 1
1 1
] ]
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1 1
1 1
1 1
1 1
Il Since the denominator has three distinct linear factors, the partial fraction ll
lI decomposition of the integrand (2) has the form. Il
. = xed A, B C i
1 e 8
'I () X(2X-1)(x+2) X 2x-1 x+2 'I
| To denominator the values of A, B and C, we multiply both sides of this equation by 1
l' the product of the denominators, x(2x - 1) (x + 2), obtaining. l'
] ]
'I @) x2+2x-1=A2x-1) (x+ 2) + Bx(x+ 2) + Cx(2x - 1) ll
1 1
I H Expanding the right side of equation 4 and writing it in the standard form for i i
i polynomials, we get .
1 1
|I II
lI (5)x2+2x-1=(2A+B+20)x2+ (3A+2B-C)x-2A II
|I The polynomials in Equation 5 are identical, so their coefficients must be equal. The |l
I' coefficient of X2 on the right side, 2A + B + 2C, must equal the coefficient of x2 on the Il
1 left side-namely, 1. Likewise. The coefficients of x are equal and the constant terms |
'| are equal. This gives the following system of equation for A, B and C. I I
1 1
i 2A+B+2C=1,3A+2B-C=2,-2A=-1 Il
ll II
1 1 1
1 A==,B=—=,andC =- —, and so 1
I Solving, we get z 10 'I
1
I| 240%-1 11 1 1 1 1 I|
X +2% -
ll -‘-23-:3+3x2—2x dx=_[[§§+§'2x—_1"ﬁm]dx II
1 II
1
1 1 1
lI = 5 0 Ix| + 55 £n]2x - 1] - 55 €nlx+2] + K lI
1 1
1 1
1 In integrating the middle term we have made the mental substitutionu = 2x - 1, |I
' which gives du = 2dx and dx = du/2. 1
II i
' I Case II: Q(x) is a product of linear factors, some of which are repeatedSuppose the ! i
1 first linear factor (aix + b1) is repeated r times, that is, (aix + b1)" occurs in the 1
II factorization of Q(x). Then instead of the single term A1/(a:x + b1) in equation 2, .'
[ we would use II
1
1
|I Ay, Ay P 1
.I (6) apx+b; T (ax+b )2 T F (@xeb) II
i i
1 1
] ]
1 1
] ]
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1 1
1 1
1 1
1 1
I| x3—x+1=_,q_+i+i_+ D2+ E3 l.
. g By way of illustration, we could write Ko=) x T T x-1 7 -1DF T (x-1) ! )
1 1
II II
. | but we prefer to work out in detail a simpler example. ! |
1 1
1 ) 1
" J‘x4—2x‘+4x+1 Il
.l Ex.3 Evaluate * X°-x°-x+1 dx ll
] |
1 Sol. 1
II II
1 The first step is to divide. The result of long division 1
" T TS '.
1 is X —x2 -y s1 B 33— —x+1 1
1 1
1 1
I' The second step is to factor the denominator Q(x) = x3-x2-x+ 1. Since Q(1) =0, Il
1 we know thatx - 1 isafactorand we obtainx3 -x2-x+1=(x-1) (x2-1)=(x-1) |
'| -1+ 1)=x-1)2(x+ 1) Since the linear factor x - 1 occurs twice, the partial 'I
1 fraction decompositoin is |I
1
1 1
1 4x A B C 1
’ (x-12x+1) ~ x-1 ¥ (x-12 * x+1 "
1 1
I' Multiplying by the least common denominator (x - 1)2 (x + 1), we get II
1 i
.l D 4x=Ax-1DE+1D)+Bx+1)+Cx-1)2=A+0x2+(B-2x)x+(-A+B II
1 +C) 1
1 |
'I Now we equate coefficients: A+ C=0B-2C=4,-A+B+C=0 '|
1 1
II Solving, we obtainA=1,B=2,andC=-1,s0 .'
] i
1 4 z 1
1 X -2 +4x+1 1
1 [ B =xF-x+1 dx 1
1 1
1 1
|I = [ UL BN . die .I
I J x-1 (x—1)2 X+1 .
1 1
] 1
'I =x:+J{+€n|x—1[—%—£n]x+1]+i{ ll
1 1
i i
1 1
] ]
1 1
] ]
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1 1
1 1
1 1
II II
x? 2 ot
'l =5 +x-§:—i+£n »+1l T K 'l
II Il
¥ Case III : Q(x) contains irreducible quadratic factors, none of which is repeatedIf |
II Q(x) has the factor ax? + bx + ¢, where b? - 4ac < 0, then in addition to the partial II
i fractions in equation 2 and 6, the expression or R(x)/Q(x) will have a term of the 1
i form. 9,
] ]
1 Ax+B 1
|l €:)) ax® +bx +¢ where A and B are constants to be determined. For instance, the |l
II function givenby f(x) = x/[(x - 2)(x%2 + 1) (x2 4+ 4)] has a partial fraction II
i decomposition of the form i
1 1
! X A Bx+C Dx+E II
1 x-2)02+1)0%+4) ~ x-2 T ¥ +1 T w214 1
1 1
I 1
1 The term given in (8) can be integrated by completing the square and using the 1
Il formula. Il
1 lI
1 dx 1 5 [}(J
II (9) ‘l-}{2+a2 = tan p +C I|
1 R 1
ll J‘Zx‘ -X+4 II
I Ex.4 Evaluate ° X +4X dx II
ll Sol. 1
1 I
II 2x*-x+4 A Bx+c Il
I ol —= 2 |
I Since x3 + 4x = x(x + 4) can't be factored further, we write ** *% X x4 II
1
|
|' Multiplying by x(x2 + 4), we have 2x2-x+4=A(x2+4)+ (Bx+ C) x= (A + B) 1
II x2 + Cx + 4A Equating coefficients, we obtain A+ B=2C=-14A=4 .'
1 1
1 232 — 1. x-1 1
1 50 I% dx = I[;+x§+4J dx |
.I ThusA=1,B=1andC=-1and xoHaX ll
1 1
i In order to integrate the second term we split it into to !
1 x-1 X 1 .|
i ~ i -
II parts j><2+4 dx_-llx2+4 dx -‘-x3+4 dx 'I
1 1
'l We make the substitution u = x2 + 4 in the first of these integrals so that du = 2x dx. l'
0 We evaluate the second integral by means of Formula 9 with a = 2. |
1 1
i i
1 1
] ]
1 1
] ]
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| 1
1 1
| 1
| i
! 2%% — X+ 4 1 X 1 l|
] _ Lk
" Ixtx2+4) d“=Jidx+I>c2+4dx'Jx2+4dx "
| 1
II 1 1 II
- & 2 L B -1
i = {n |x|+2fn(x + 4) 2t::m (x/2) +K i
| 1
| |
1 Case IV : Q(x) Contains A repeated irreducible quadratic factor.If Q (x) has the factor 1
|' (ax? + bx + c)r, where bz - 4ac < 0, then instead of the single partial fraction II
i Ax +By A-X+B- AX+B, I
'I L — (ax? +bx+cf T (ax® +bx+cf ll
1 occurs in the partial fraction decomposition of R(x)/Q(x), each of the terms in (10) 1
. i can be integrated by first completing the square. | I
1 1
II II
1 Ex.5 Write out the form of the partial fraction decomposition of the function II
1
'l x3+x? +1 Il
" X(x 1) + x + 1) +1)° ll
II lI
I Sol. I
1 5. .3 1
l. e e | _A, B _ _Cx+D  Ex+F GX +H . IX +J II
. X(X-LF+x+1)*+1P ~ x  x-1  xZ+x+1 x2+1 (X* 1P (F +1)° |I
1
1 3 .4 1
1-X+2X" —X
| e ™ i
’ Ex.6 Evaluate x(x= +1) '
1 1
'l Sol. The form of the partial fraction decomposition II
1 1-x+2x2-x* A  Bx+C Dx+E I
] ; x(x2 +1)? X T @1 T2 |
I 5 I
1 1
.' Multiplying by x(x% + 1)2, we have -x3 + 2x2-x+ 1 =A(x2+ 1)2+ (Bx + C) x (x2 + |I
.I 1)+ (Dx+ E)x II
1 1
1 =A(xt*+2x2+ 1) +B(xt+x2)+C(x3+x) +Dx2+ Ex=(A+B) x*+Cx3*+ (2A+B 1
i +D)x2+ (C+E)x+A "
1
]
II [f we equate coefficient, we get the system A+ B=0,=-1 ,2A+B+D=2 ,C+E 'I
1 =-1,A=1 1
] |
'. Which the solutionA=1,B=-1,D=1,and E = 0. Thus l|
1 1
1 1
1 1
] ]
1 1
] ]
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1 1
1 1
1 1
1 1
1 1
i J-1—>c+2x2—ar3 _Jl_x+1+ X ] 1
'I xod+12 = kT 6@ ) ¥ 'l
1 1
1 1
I dx xdx 1
I -§5 - Ix w1 j +I(x2+1)2 I
1 1
1 1
I 1 1 I
'| = fn |x]| - Efn (%% + 1) - tan1x - E(_xz-t_l) + K |I
1 1
1 y We note that sometimes partial fractions can be avoided when integrating a rational 1 )
2 +1
; ¥ (x 2+‘ 3) i ; b
i function. For instance, although the integral ~ ** * i
1 1
II could be evaluated by the method of case IlI, it's much easier to observe that if u = II
1 X2 +1 1 1
1 mdx=§£n|x3+3x]+c 1
ll x(x2+ 3) = x3 + 3x, then du = (3x2+ 3) dx and so Il
1 . 1
I| X7 —2F 2K —3 II
. Ex.7 Evaluate (x=+1)" gy II
1 1
1 II
1 2 ; ; — ;
1 Sol. In this example there is a repeated quadratic polynomial in the denominator. 1
g 1 Hence, according to our previous discussion 'l
1 1
|I 3 -3x% +2%x -3  AjX+Bq +A:x+B: II
P, =Tl Z . 132
1 (x= +1)° X“+1 (X~ +1)" For some constants A1, B1, Az and B 1
Il An easy way to determine these constant is as follows. By long division, i !
1 'I
'I x> -3 +2x -3 . S I
1 % +1 ¥ 41 1
1 1
1 1
I -3 +2x-3  x-3 X .
II therefore Ft R o SRS ll
1 1
I 1
1 Thus Ai=1,Bi=-3,A2=1and B2=0 'l
]
1 1
B ) -3 +2x -3 1
1 we know have 2R dx 1
1 1
1 1
1 1
1 1
1 1
] ]
1 1
] ]
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J‘ SiNX +Ccosx

X +1

1 1
= §£n (¥@+1)-3tan"1x -

J‘ dx
Ex.8 Evaluate + COSX +COSeCX

Sol.

l=_[ dx =J' sinxdx
cosx+ L COSX.SinX +1

sinx

_j' 2 sinxdx -_[ 2sinx
2 +2siNX COSX 2+5|r12x

_ J[(sinx+cusx}+(sinx—cosx)]dx

- 2 +8in2x

_ Ism)c+cosx sinx — COS X
2 1+ 5in2x 2 +sin2x

5iNX + COS X SinX — Cosx

= 13-(1-sin2x)

3—(sinx-cosx)? - X+ -[

put sin x - cos x = s and sin X + cosx = t = (cosx + sinx) dx = ds and (cosx - sin x)

dx = dt

d
]=j3—ss j1+t2

1 J3+s
J3-s5

—-tanlt+c

1 v'§+sinx—cosx\
J3 —sinx + cos x|

3 X
dx— | ——dwe+ | —— dx
Ixz—l '[(:-c:"+1)2

dx + .[1+(1+sin2)(]

j(mz-ts}z - -fﬁ

a2 +1) +C

5iNX - COS X
1+ (sinx + cosx)?

.

dt

- tan™ (sinx + cosx) + €
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1 1
1 1
1 1
II II
I %dx_ I
'I Ex.9 Evaluate * (¢" —1)° Il
1 1
I Sol. |
1 1
II II
1 e*
l| j{e" _1 dx + je"(e" P dx o lI
I We have , [multiplying the Nr. and Dr. by e¥] I
1 1
.l I dt Il
o HE-1%" bitting ex = t so that ex dx = dt. g
] ]
ll Mow —t(tll)EA"' B +_tc12 = ) . ll
I -t t-1 () 1=A (t-1)2 + Bt(t-1)+Ct...(1) (onresolving into I
1 partial fractions) : 1
1
|I To find A, putting t = 0 on both sides of (1), we get A =1 |I
1 |
I| Tofind C,putt=1andwegetC=1.Thus1=(t-1)2+Bt(t-1) +t :|
1
I| Comparing the coefficients of t2 on both sides, weget0 =1+ BorB=-1 ||
1 i
"\ S B E "
1 Ht-12 Tt T t-1 T (t-1R |
1 1
| 1
ll H .[ dt jldt dt dt |I
ence |3; a2 = |08 - | — +
! -1 ~ Ut t-1 7 (-1 = Jogt-log (t- 1) - {1/(t- 1)} + C i
1 i
|‘ =logex-log (ex-1)-{1/(ex-1)}+c =x-log (ex-1) -{1/(ex-1)} + ¢ II
1 1
I| Ex.10 Integrate (3x+ 1) / {(x-1)3 (x + 1)}. |l
1 1
1 Sol. 1
] lI
b I +1 1+y)+1 443y I
_1? = = |
l| Puttingx -1 =y sothatx =1 +y, we get (=17 +1) v@+y) ¥ (2+Y) '|
1
II arranging the Nr. and the Dr. in ascending powers of y .I
] 1
1 5 |
'l =VL3 2+%v-%¥2+%2tv],byactualdivision |I
|
II 1
i i
1 1
] ]
1 1
] ]
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2 1 1 _1_ 1
4 " (2+y)

2 1 1 1
= (x-1P T o0c-1)2 T ax-1) T A1)

Hence the required integral of the given

2 1 1 1

=j[

fraction

-1

- =1 . 1, i
= -12 T 2(x-1) " & og (x-1)+ 7 log (x + 1) + ¢

o 1 10 X+l
T (x-12 T 2x-1) T4 %9 1 *€

1
Ex.11 Evaluate the integral * x*(x-1)

Sol.

Letx = sec20 = dx = 2 sec20 tanq db

2 sec” 8tan6de
L o [2eectotene

5 =2 Icns'a‘ ade
sec” 6tang

I=2 Jc:::s4 8dg =2 J‘[{t:os2 EB)z]dH

J'[i +c0s 26

_2 2
5 ]zds- 2 I(cos 26+2cos26)ds

-2 “d6+ coszzadﬁ-:-z_[coszsdel
2

= 2 |[ e +f cos? 26de + 2[ cos2ec]

i 1+c0548 sin28
=_ |8+ de +
2 [ I( 2 ] 2 ]H

-1P  2x-1P 4x-1) ax+1)

dx‘
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12 6 sinds .
= [B+2+ +5|n2-9:|+c
8.0 sin4e +sinze*
2 4 16 2
— + L + Sinio + c where x = sec?
4 2 16
DeP% 4 o o™ e DK i
| 2X 2x 132 :
Ex.12 Integrate, (e +4)(e™ -1)
Sol.
oyt ry?—ay? Layi2
Putex=y = 1= yZrap2-12
_j-v{vz +4)(y* -2y* +1)
e
1 (e
= ~ (e ~1) +tan?| o |+cC
(s
| [ X
Ex.65 Integrate ~ Y (1+VY")
Sol.
Puty = tan@
dy cos® 6 (1-sin?6)? de
e j y2(1+y2)? sin’ @ '[ sin® &
_ -"(1—35in29+35in‘9—sin58)d9
sin® 0
= J-(coseczﬁ -3+3sin® 8 -sin* 8)de
e ww w = = = = = rage25of79
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—%—%tan‘iy—%sln(ztan v}-ﬁsmﬁtan‘ Y)+cC ':
1
[0 i
Ex.13 Evaluate * X° -1 dx, where f(x) is a polynomials of degree 2 in x such .'
that f(0) = f(1) = 3f(2) = -3. lI
]
Sol. 1
lI
Let, f(x) = ax2 4+ bx + ¢ given, f(0) = f(1) = 3f(2) = -3 1
1
~f(0)=f(1)=3f(2) =-3,f(0) =c=-3,f(1)=a+b+c=-3, 3f(2)=3 (4a+b + |'
c)=-3 II
: 1
onsolvingwegeta=1,b=-1,c=-3 II
1
s f(x)=x2-x-3 I|
|
f(x} I ¥ —x-3 1
]. dx (x 1)(x? —){+1)d |I
i
(x%2-x-3) A N Bx+C I|
= s 2
Using partical fractions, we get, 0= +x41) — (x=1) T O +x+1) Il
1
Weget,A=-1,B=2,C=2 f
i
(23 +2) 1
1=.|.-de+ (x2+x+1) dx ll
'I
B J- (2% +2) [ 1-dx |
=—log|x-1] + 7(HZ+X+1)+-~"—)(2+X+1 |I
1
i
. ; f LS I
= —|Qg I:’(_Il £ [DQ |>': +X+1[ + (}(-!'11’2)2 +(\I|'§‘|'2]2 ll
]
1\ 1
+1 1
=log |x-1] + log [x® +x+1| + ."_ tan'l[ :3: J 1
1
1
Ex.14 Integrate 1/(sinx + sin 2x). .'
|
Sol. il
1
]
1
]
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1 1

1 1
1 1

1 1
1 i 1

i S P — ]
1 We have .[ Sinx + sin2x 1
II Il

5 : _[ dx _J dx 1
1 ~ lsinx+2sinxcosx 4 sinx(1+2cosx) 1

1 ]
1 1

1 sin x dx sinxdx 1
1 = [ FOESE 1

i Jsin2(1 +2cos x) (1 - cos? x)(1+2cosx) i
1 1

i i
1 Now putting cos x = t, so that - sin x dx = dt, we get 1

] |
1 1

I _ IL - dt I
'I I=-lu-@a+20 = Ja-oa+oa+20 ll
1 Il

I 1 1 4
.I =- J-[eu-t}_z(l-t)+3(1+2t)}dt' ||
1 1

1 Il
I| =% log (1—t}+% log (1+t)—§ log(1+2t) +cC |
1 1

1 I
L 1 1 2 I

] == log (1-cosx) + 5 log (1+cosx) -5 log (1+2cosx) +C 1
1 6 2 3 1

1 II
] . .

1 Integrals of Some Particular Functions 1
1 II
|I Introduction [
II II

I . . [Va?-x2 |
1 Consider the integral dx |
" If we change the variable from x to 0 by the substitution x = a sin0, then the identity 1 !

1 i
II 1 - sin2 = cos20 ll
1 1
.l allows us to get rid of the roots sign because II

1 1
1 (.[.2 .2 2 : 1

I J”a —X" = (a2_a2sin2s = ya(1-sin’6) = JaZcos?g = EIIC’Osatht)tice the !

]
' 1 difference between the substitution u = a2 - x2 (in which the new variable is a |
II function of the old one) are the substitution x = a sin 6 (the old variable is a function 'I
1 of the new one). 1
] 1
o . s 1
.I In general, we can make a substitution of the form x = g(t) by using the Substitution 1
1 I Rule in reverse. To make our calculations simpler, we assume that g has an inverse 1 :
1 1

1 1
1 1

] 1
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1 1
1 1
1 1
1 1
II function; that is, g is one-to-one. ll
1 [ £ - 1
" 1 F(x)dx If(g(t))g (t)at "
1 1
I . e ]
[ is kind of substitution is called inverse substitution. [
This kind of substitution is called bstituti
II We can make the inverse substitution x = a sin 0 provided that it defines a one-to- II
i one function. This can be accomplished by restricting 0 to lie in the interval [-1/2, D
1
I el 1
1 1
.l Some Standard Integrals ll
] g |
| X . |
— = oin~! =
l| (i) j\ﬂag i sin™ = +¢ l|
1 1
1 ; Il
I i S} -1 X
|I (ii) Iag+x2 = tan = +C |I
1 Il
1
I jdix LA X |
1 (iii) x{x2—a? P ol |
1 1
1 i
1 ik 1
i ) [Tz = inedeal) I
1 1
i us , "
I. (v) .[1;}‘2_32 = In x+yx2-a?] I
1 I
. dx 1 a+x I|
1 - S T
1 (vi) -l-az—xz = Zln 3] € 1
1 i
1 II
1 B 1 x-a
1 {vii) -[xz—a'z = 5 Infisal +¢ 'l
1
1 1
I (2 2 X 57,8 o aX '
II (wviii) j\,-'a —Xx dx= 3 Jal-x2 + 5 sin 1 SHE II
1 1
0 a i
lI (ix)f\"xzﬂz dx = 5 x24+a2 + % In evx®+2%| 4 ¢ lI
1 1
I Iy X —— a [(Z 3 !
1 Ix2-22 dy =2 [v2_.2 - & In [x+Vx*-a 1
. (x) Ix X=3 yx*-a 3 n +cC i
1 1
] 1
1 Solved Examples 1
1 1
1 1
1 1
1 1
] ]
1 1
] ]
= - __ I BN | - - B B | - Page 28 Uf 79 - = . - - - . . - - - 1
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1 1
1 1
| |
| |
I - dx l
| ﬁ} |
'I Ex.1 Evaluate * vx“-a~ " wherea > 0 'l
1 1
1 Sol. 1
| 1
| |
I Weletx =asecO, where 0 <0 <m/2orm<0<3mn/2. Then dx =asec0tan 0 db 1
.' and .'
| |
1 1
i X |
1 X2 _g° 1
| |
[ g 5 [
| |
| 1
! (2 27 = a2(=ec? |
] vx‘-a® T ya“(sec0-1) 1
] 1
1 |
'l = Ja2tan2p = 2 |tans| = a tane |I
1 4 l|
1 % asecatans
I| Therefore '[\"xz-az sj_ﬁféﬁ'g— l|
1 |
1 |
l' = Jseceda =In |sece + tang| + c II
1 1
1 II
| . . . 2_
[ The triangle in figure gives tan e = K- ; 1
1 a |
1 II
1 7
1 dx X, Vx2 -a? |
l| so we have Jx2-a2 =1In 5 a +C I|
1 1
1 |
II =In[x+ (x2_32|-Ina+C .l
] |
. =In |% + 4x2 2[+Csece—x II
B = Vx“-a . s 5 "
I ?  Ex.2 Integrate 1/(2x* + x - 1). "
|
1 1
I Sol. 1
1 1
: d d !
1 X 1 X
i we"havej(2x2+x—l] _E'I-axz_i_x 1 1
1 - |
2 2
1 |
1 1
| |
1 |
1 |
1 1
] |
1 |
] |
l - - - - - - - - — - - Page 29 Uf 79 - - - - - - - - - o] - I
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|
]
|
II
; Sif g . L ik
' - x+1)—1—1 . sl =
.l 4 2 16 *F 16
II
1 3

] b L

114 4 4
| s ST
I 2'23‘“‘3X+1+3+C
[ 4" 4
]
1
.l 1 2x -1 | 1 2x-1 1
y =§I0g 72()(+1}|+':=§'I°g EFEL —Elog.'2+c
1
i
1 1
1 Elog (2x-1)(x-1)I+C,
|
1
b Ex.3 Integrate (3x + 1) / (2x2 - 2x + 3).
1
Il Sol. Here (d/dx) (2x2 - 2x + 3) = 4x - 2.
1
|
1 I+l 3(4x—2)+1+2
I I=—[T d:.(:l[ -
I 2x° =2x+3 (2% - 2% +3)
1
. 4x -2 1
1 3 o B =
I [2x -2x+3 +2j2x2-2x+3 %
1
II 3 3 5 I dx
. =2 log (2x ‘2’“‘3)*‘5:@' X -x+3/2)
1
'I

3 5 dx
'I =z|0§(2)(2_2)(+3)+z.[ 1]2 3 1
i ("'2_ “[2)'[4]

]
1 =—|0g{2x -2x+3}+—J dy

—
" Ex.4 Integrate 1/ v(4+3x—2x7) -
I
1
I
1
Ilm = = =m = = = = =m = =

Get More Learning Materials Here : &

2
2
|
|
|I 2 ’ :
_ 3 e e— -1 2
ll 4'09(‘-’(2 2K+3}+4— (\1'512] t(s."?—)’ o
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[ |
i 1
y |
II 1
i Sol. 'l
'l |
|
1 dx |
|I We have '[1,-'[(4+3x—2x2) |I
; |
y |
il | £ I
- S (.2_ 9 I
'I {2+16 (x 2)(1-16]} |l
; 1
; |
1 1 |' dx i
" T2 7 {(a1/16)-(x-3/47} I
1
II II
I X3 II
1 1 . ) 4 "
1 -5 sin™t 1 fa1/a)[ +¢: I
1 Y I
i |
| ll
|
1 1 . (4x-3
1 =d—r§sm1[ 41]+|: I|
; 1
I' . II
' J-DE-%)
l. Ex.5 Evaluate { dx. :I
|
1 Sol. I|
. |
i ! e .2 ' 1
'l We have j Jox=1)(2=%) dx = _[,g(_x + 3 - 2)dx |I
; |
ll | 'I
| 3 9 1 32
a i s a 4 5y 1
1 = _w{ 2 [x 2) +4}d}: _[\!{4 ( 2) }dx, I
! |
. |
|I i z 3 lI
3} (J1_(,_3 11 Lo
|I - % [HFEJ \J{f(x 2) } + 3.5 S0 {(x 2,]”1"2}}* C |l
. 1
' |
X 1 | 2 1 in—-1 3 1
II =Z{EX_3} (3% —x —2)+§ sin'(2x-3)+c I'
. |
. - (x3 + 3)dx |
! g i'(){2 +1) 1
1 Ex.6 Integrate V ] 1
|
' |
' |
' |
I - - - - - — - I
l% Page 31 of 79 s e — S S B R R
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| 1
1 1
| 1
| i
| 1
] ]
1 Sol. 1
1 1
| 1
1 1
1 W i j(x +3)dx J'x(x2+1)—x+3 - 1
! Vo2 +1) J62 +1) !
1 1
I w(xZ +1) xdx dx ]
1 - [T—dx- | +3 | —— 1
[ I Y2 +1) I V& +1) T Jo2 +1) [
II ll
] 1 o 1 [ 2xdx dx ]
= = [(2 Ddx-= |7 i
|I 2_[( WO +1) dx 2.‘-\||(x2+1) +3_|‘¥|(x2+1) II
lI lI
2 : ;
:, =%[3("2“”1}3{2]-%[2v'(><2+1)]+3fn(>€+\.'(x2+1))+C :.
1 o - II
'l = - (x2+1)- Jo2+1) +3(x+ Jp2+1)) + € I
1 1
1 1
II Ex.7 Integrate x2/(x* + x2 + 1) :|
1
1 1
. Sol. I
' Let 1=_[-—-’-‘—'2 - [—1 |
I. xtafel T 204, 12 ’ ll
II % dividing the numerator and the denominator II
ll both by x2. I|
Il Now the denominator x2 + 1 + 1/x2 can be written either |I
1 2 3 §
1 [x_§) + loras (K'l-;] =i 1
¥ as The diff. coeff. of x-1/xis 1 + 1/x% and that of x + 1/x ll
II is 1-1/x2. So we write 1
1 |
. 1 p@1/x3)+0-1/5%) il
1 I=3 ¥ +14+(1/x%2) e ]
1 1
1 1
II _1 (1+1/33)dx (1-1/x%)dx .I
1 S 2 Mx-1/x?43 T (x+1/xP -1 I
]
|I 1
] r 1
1 [1+ ZJ dx = dt, 1
.I In the first integral put x - 1/x = t so that ® and in the second integral II
I put 1
1 1
] ]
1 1
] ]
l-------_-------------- P398320f79 ----------------------I
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1 1
| |
| |
| |
| 1 : 1 1
] x+—=zsothat[1——;_]dx=dz. |
1 M % 1
II Il
! 1=t IL 1 J' dz i
II Z 2 Je2 (32 T2 124 II
[ | 1
| |
1 t 1 1 z-1
1 = — e — 1
i /3 B T Fa AT e I
1 1
i |
'I 1 . {(x-lhd} 1 (x+1/x)-1 'I
. 2‘5 tan ‘5 + a og ___(x+1fx)+1 +C i
| |
| 1
II - 1 ta }{_2___2 1 xz-x*'l Il
1 243 2" |(Jf3)x] T 3 @ixsl © 1
1 |
I ) 1
'1 (1 +x2)dx |I
241 o
y ! Ex.8 Evaluate = (1 - X W1+x% +x ||
1 |
i Sol. !
I' II
1+ x3)dx
l. tet, 1= [ (2 : )2 - II
. (1-x"WLl+x"+x I
1 1
1 1 |
1 )cz(1+ Ede 1
|I EI - II
1 xz[l—x]J12+1+x2 |
[ * X |
1 1
1 |
I - (1+1/x%)dx i
II (x=1/xWx-1/xP +3 i
[ | |
1 dt |
1

. = o [ - — = l
1 th'tz +3 oot x X t 1
1 1
| |
1 ; 1
i Agamnputi®+ 3 =52 0
1 [ |

|
ll - § —[ sds 1
'I = 2tdt=2sds=- 5(52_3) |I
| |
1 1
] i
| 1
| |
1 |
| |
l- - - - - - - 1 — - - Page 33 Uf 79 - - [ - - - - - - = - I

Get More Learning Materials Here : & m &N www.studentbro.in



Get More Learning Materials Here : &

1 Jx-1/%)2%+3 - 5‘

- J s2 —(43)2

2.1
1 ,x + 2+1-~.f§

= log x +C
2y3 {
v X + ! +1+J§

32

— e

Ex.9 Evaluate

Jx-1/x2 43443 * €

(x - 1}c|>c

Sol.
J‘ (¢ - 1)dx ]- (x2 = 1)dx
= 7 =
Let (x+ 12 +x% +x Oc+120x2 +32 +x
J» x2(1 -1/ x2)dx
(%% 4 2% + I +x% + %
1
dx
_I [ xz] _ dt
- - f
[ +2+ )Jx+1+1 e 2likw
X
(put x + % =t (1 - 1/%2) dx = dt)
2z dz dz
) — -1
'[(22+1]z szzﬂ_ Alan{a s
(putt+ 1 =22 = dt= 2zdz)
.2
=2@n? (Jt+1) +c=2tan™ ,‘lx = +C

dx

Ex.10 Evaluate l JAx-a)(B-x)}

Sol.

Put x = acos26 + B sin20 so that dx = 2 (3- «) sinB cos 6 d6

Also(x - a) = (B - a) sin26,and (B - x) = (B - a) cos28

Page 34 of 79
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| |
] ]
| |
| |
Il Making these substitutions,in the given ll
1 2(B - «)sinécos 6de =IE(B—a)sinBcosa 1
.: integral _ 1,‘ﬂn{(ﬁ_m}mgz 6.(p — w)sin® 6} (p-«)cosesing I:
| 1
I = dB = = -1 I
. 2 _[ 28 = cos™ (cos 28) (1) 'I
|
'I But x = acos26 + Bsin2 6; 2x = o (1 + cos 20) + B(1 - cos 20) 'l
1 1
'l ie,(B-a)cos20=(a+PB-2x)orcos20=(a+p-2x)/(B-a) lI
|I = ; o+p—2% II
1 - from (1), we get the given integral = cos-! [ B—a ] 1
1 1
|I II
1 - [
.I Ex.11 Evaluate ] =" (8+dx" Vb —ax" II
1 Il
1
. Sol. I
1 lI
I' dx = |IE |
i o ) X = Va cos 6 de I
. Substituting ax2 =b sinz2 0 = I
1 |
1 1
l. JE |I
cos ede
I| b= .[ 2 : 'l
1 {a-rba sinze]\!b—bsinze 1
1 |
1 1
Il II
coseds de
1 & \EI Z e an? = a _[Tn !
'I e e Flianrs dividing Nr and Dr by cos26. we get '.
| 1
|
|I = Ja j secz el puttane =t '
.I a’sec” 8 +b*tan? B II
1 lI
|
dt 3 dt |
I - by
1 = a J32(1-}t32)+b2t2 T (a2 +b?) j . 22 1
| o !
1 t |
¥ II
1 P r—
] t || 2z bE 1
1 =,;7tan'i[\a; ]+c 1
1 y,*a(az +b%) 1
1 |
1 1
1 |
i ]
1 1
i ]
l-------_-------------- P398350f79 ----------------------I
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| 1
1 1
| 1
II II
! = .*‘1—' . tan-t 7,{,&.'[.32 +b +C !
. g yaa® +b?) avb - ax? I 1
| 1
1 1
1 (since, t = tané = — ) 1
I vb—ax? |
| 1
| |
lI Ex.12 Integrate 1/(1 + 3 sin?x). lI
1 1
.I Sol. Dividing N'. and Dr. by cos? X, we have lI
] ]
i . !
II 1+3sin? x sec? x + 3tan? x ll
1 1
A q . sec” xdx [ sec?xdx ! I
1 Td@a+tan?x)+3tan®x Jiitan?x II
1
1 1
Il Now putting 2 tan x = 5 so that 2 sec?x dx = dt, we have Il
1 i 1 ;
S LN T p—
I| 1—2_[1+t2—2tan t—2tan (2 tanx) |I
1 1
1 1
. Integration by Parts II
1 1
II Definition 1 .
1 . 1 I
|I Iu.vclx=u [vdx-‘[[d—u.‘[vdx] "
ll 3 % -dx where u & v are differentiable functions. I i
1 |
[ Note : While using integration by parts, choose u & v such that II
1
| 1
| (a) [ dx vis simple & II
1
] rd i
" | d_:_{ v d"} o . i
[ " dx is simple to integrate. ll
1
1
. 1 This is generally obtained, by keeping the order of u & v as per the order of the letter ¥
II in ILATE, where 'I
1 1
1 I - Inverse function l|
'. L - Logarithmic function 1
[ A - Algebraic function 1 !
1 ! 1
] ]
1 1
] ]
l-------_-------------- Pageaeof?g ----------------------I
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| 1
1 1
| 1
| i
! i T - Trigonometric function ' i
1 . E - Exponential function 1 I
| ] |
I Remember This: 1
1 ax 1
e
II (i)lfeax.sinbxdx= —— (asinbx-bcosbx) + ¢ II
= AT
1 1
| o |
] L] ax ] ]
[ (ii) [e .cosbx dx = — h2 (a cos bx + b sin bx) + c 1
1 - oo I
1 1
II Evaluate I = J‘ea"‘ sinbxdx I|
i ]
" Proof: "
1 1
.' Integrating by parts taking sin bx as the second function, Il
'I _ II
e®* cosbx ax| _ cosbx) e cosbx | @ [ _ax
1 Weget]l=—- ——>"" _ |ae™"| - dx = - — """ 4+ — |e®" cosbxdx 1
' 0 b ) b 5 | i
1 lI
1 — ; . :
1 Again integrating by parts taking cos bx as the second function, we get |
1 r _ _ 1
1 [=- e cosbx i € sinbx _ [aeaxwdx 1
" ) 2 2 R ) b "
1 1
1 5 'I
1 e™ cosbx a8 e a 3%
|| or I=—f+b—,_e sml:nf:—b—2 je sinbxdx II
1 i
ll ax a2 II
1 or 1= b2 (a sin bx - b cos bx) - b_2 I. [
1 |
1 'I
1 1 Transposing the term -a2/b? I to the left hand side, we 1
1 2 o
a X
II {1+bz)l=i—2(asinb:~c—bcosbx} Il
] get 1
1 1
1 1
I 1 5 5 1 X 1
1 or -b-z-(a +b)I=B§-e”‘(asmbx-bcusbx} [
i 1
1 1
i 3% |
| :.I=27b2{asinbx—bcusb)c) II
8 a4
1 1
1 1
1 1
1 1
1 1
] ]
1 1
] ]
l-------_-------------- Pagea70f7g ----------------------I
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Iy
Thus, jez" sinxdx = 95 (2sinx-cosx)+C

Remark ; (i) J eX[F(x) +F(x)]dx = e*f(x) +C

(i) [IF0)+ %P Jdx = xF(x) + ¢

Solved Examples
Ex.1 Integrate x"log x
Sol.

We have j)ﬂ“logx dx = J{[ogx).x“d}{

D(M'l 1 xn+1

= (log x) . - | = dx
(log ) n+1 jx n+l
xn+1 %N
= (log %) . - dx
(leg x) n+1 jn+1
(I } Xn+1 xn+l .
= (log %) . -3
2 n+l  (n+1)? ¥

< log(sec™! x)dx

Ex.2 Evaluate. *Y(*-1) dx

Sol.

1
=
so that (2 1)

Put sec-1 x =t so that

dx = dt.
'[Iog tdt = I(Iogt).ldt

Then the given integral =

1
=(logt).t- [—ttdt=tlogt—t+c

Page 38 of 79
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=t(logt-loge)+c =seclx(log(seclx)-1)+c

-1 fl-x‘

[tan vy

Ex.3 Evaluate

Sol.

1
-1

sec X
e = jog ] 22t ]
| = 58C x[g[ = ]J+c I

Put x = cos 0 so that dx = - sin 0 d0. the given integral

- [ )

1+cosé

} (- sing)de
i I(tan“(tan g)sianB)

- jasina do
2

=-j.g sin@ds=-
=— % [6. (- cos@)- I{-Cﬂﬁejde]

6CO56 5ing
2 2

1 —
= 5 Ixcost x - (1 -x?)]

[xz tan™ x dx !
Ex.4 Evaluate -

Sol.
3 a
sz tanlxdx = X tanty - .1 )

We have 3 3 1402

3 2 =

X ewirg_ s J‘M}!_x i

3 3 1+x% 5 _ 3

[x3=x(x2+1)-X]

integrating by parts taking x2 as the second function

3 2x
= X -1y _ £ wdx ii
5 tarix - g fxdes [3.3 | T adx

e E e e e e e = Page 39 of 79
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3 2
= % tan-! x - % + %[ﬂg(1+x2}+c

» %412 )

| sin™ J :): — ]
Ex.5 Evaluate HAXT +Bx+13 /gy
Sol.

2x+2 G 2x+2
I= Isin‘l{ .'7] dx = Ism 1(—] dx

Vax2 +8x+13 J(@x+2)2 +32

- 4 3tane |3 3 2
= |sn™| ——|= 2 =
= J [35&63]2 sec’eds = > JBSEC ade

(put, 2x + 2

= % (6 tane - _[taﬂedﬁ) = % {6 tané - log (sec8)} + c

2 i
2X+2,  _3(2x+2 | (2x+2Y
1=g[ (252 o (2 ”}w

\.j4xz+Bx+13
- = | +cC

32 a2
i E[il[x+1]|l:an ti(x-c-l)]—lug 5

]
= I=(x+1)tan™? [5(}”1)] - % log (4 + 8x + 13) + ¢

Ex.6 If

Sol.

J- i 1+sin28 WSZBHOQ cos 26 Lje
Here, 1= 1-sin26 1+sin2p )

- j 2c0523|0g(0056+5!nﬁ ~log COSI&+S!H3 de
_C0s56 -850 cosf-5In6

i Page 40 of 79

=3tanf= 2 dx =3sec26d0)

( cogt i .
| "‘1+sin28 sy 0526 )| o
cosf > sind > O, then evaluate : j ogl\l_sm 28

3 1+5in26,
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1 1
] ]
| |
| |
1 2 cosS6 +sing 1
i = I(Ecos a—l)log[i.}:le |
1 cose-—sing 1
] ]
1 1
| i |
1 = IcosZe.lng[M}dﬂ, applying integration by parts 1
0 i cos8-—sing 1
1 I 1
| |
1 oS0 +5ing i i 1
i T ( i J sin28 _J- 2 . szede i
. COs8—s5in6 2 cos28 2 1
| |
1 1
i - i i
sin2a cDS 8 +5ins 1
|I E—p log D S0 +§Iog[c0526|+c |I
| lI
1
: e '.
1 2
1 Ex.7 Evaluate * (X +1) 1
1 1
1 1
1 1
1 Sol. 1
1 |
1 II
|| Ve have [ dx Ixe dx |
I LA 1)2 [
1 |
1 II
1 xaX 1 - i 1
il j‘(><+1)2 dx= e [_x+1]"-[(e He (_xﬂ]dx‘ II
1 1
| |
! [Note that the integral of - . Is5- ——] !
|' (x+1)? x+1 II
1 II
1 %
xe 1
1 R . e*(x +1 dx !
1 (x+1?2 T -[ ( )x+1 |
1 1
] |
1 X X |
i S +Ie"dx=-xe +e+c |
1 X+1 X+1 1
i f
1 |
1 B [1-'i-:|+c~e* X+1-¥% _eX i |
1 X+1 w+1 x+1 'I
|I Alternative solution 1
] |
1 |
1 x(X+1)-1 1
e _—dx
1 ; We have -[(x 1]2 [ x+1) 1 .
1 |
I |
1 1
] ]
1 1
] ]
| | - - - - - - - — - - Page 41 Uf 79 - - - - - - - - - o] - I
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l - - - -] L} - - -I
. 1
L |
; |
1 II

| < 1 1
— e —- d
i fe i )
. 1
. 1
i |
I = _[e"[f(x]+f’[x)dx,where fO)=— —ex -1 4 ¢ '
i ¥x+1 x+1 1
: 1
ll " 2+5in2x ll
ax 24 IEX
'I Ex.8 Evaluate ) 1+cos2x | i
1 Il
|
v Sol. B
. |
1 e I
1 We have IE" il g
1 1+ cos2x !
! |
1 |l
1 2 2sinxcosx
= |e®
'l -[ [2c0923<+ 2 cosZ X ]dx II
8 1
1 5 II
II = Je [sec” x + tanx]dx |
; |
I' II
= | e*[f(x) + f{x)1dx,
l. j () + Fx)Tax x where f(x) =tan x = exf(x) + c = extanx + ¢ Il
I. dx ) II
i Ex.9 Evaluate ~ (<" +a°)’ = 'l
.I II
; Sol. 1
ll |I
1
= |———=d i
'| I J(x2+ag)2 X o (1} 'I
: |
| 1
II _ I 1 1dx = _1* Jﬂxdx II
] (2 +222 (P #2?P %= J (w2 +2?) 'I
l| I lI
g I S 5T )
i {){2 +a?.}2 J (}(2 +3213 ® ll
|I 1
1 X 1 dx I
o 1 _dx 1
ll (x2+a2)2 * 4 I(x2+az)2 dx - 4a? j{x"’-+a"l}3 I
|
II I
: 1
) |
: 1
. |
: |
l - - - - - - - - - - I
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[ = = = = = = = = o= m = = m = O m = = = = = = = = = o= = = ]
1 1

1 1
1 1

1 1
I N I
'l = 1= @,a2)2 * 4L - 4a?.1(using (i) and (i) 'l
.I using, previous example lI

1 1
1 X 3 1

] =>4at= (%2 +32)2 + E L ...(ii) i
1 1

1 1
1 1

i dx X 1 X '
i Il:I(x2+az)z="-232(x2+az}2 +Fm”1(3)“ Il
1 1

] |
1 . Integration of Irrational Functions 1 |
1 1

1 Definition 1
II II
1 Certain types of integrals of algebraic irrational expressions can be reduced to 1
'I integrals of rational functions by a appropriate change of the variable. Such ||

1 transformation of an integral is called its rationalization. Il
1

1 I
[ 1. If the integrand is a rational function of fractional powers of an independent i I

I Py Pk’

I. X, x%, .. x% I|
1 3 1

1 variable x, i.e. the function R* / then the integral can be 1
'. rationalized by the substitution x = tm, where m is the least common multiple II
[ of the numbers qy, q2, ..., Qk. 1
II 2. If the integrand is a rational function of x and fractional powers of a linear I !

1 ax+b I
1 fractional function of the form ©%+d " then rationalization of the integral is ||
| ax+b _ o i
l' effected by the substitution cx +d where m has the same sense as above. 'l

1 1
1 Solved Examples 1 |

1

1
II '4 dx ll
" Ex.1 Evaluate * V(X+@) +y(x+b) " y
1 1
II SO]- 'l

1 ] '
1 d I _

' J o yoom oot i
ll Rationalizing the denominator, we have ° ¥ i
1 1

1 1
1 1

i i
1 1

1 1
1 1

] ]
l-------_-------------- Page430f?g ----------------------I
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Tl L L L L B R e B B ey e B By B B Ry
1 1
1 1
1 1
1 1
1 1
I _ px+b)/2 —(x+a)t/2 4 i
1 _-[ b-a A 1
1 1
1 1
1 3 » 1
1 1 |2 3/2 _ <2 3/2 1
I =ﬁ[3(x+bJ z(x+a) } 1
1 1
1 1
I & I
'l =§ﬁ[(){+b}m-(x+a)3ﬂ]+c II
1 1
1 1
1 ! J- X+ %"x_: + Qf; 1 I
. Ex.2 Evaluate =" X1+3x) ° \,
1 1
II Sol. The least common multiple of the numbers 3 and 6 is 6, therefore we make the II
1 substitution 1
I II
', X = t6, dx = 615 dt. 1
1 II
1 6. t4 . )5 5 . 3
i e TEET AT . o T EE ) I
1 whencel—sf ta+) dt=686 [ = dt I
1 1
1 1
1 II
1 dt
1 =6Jt3dt+6_[-; _ 3¢ i6arctant+c. 1
1 = +1 2 1
| 1
1 1
II (2x - 3)1/2dx II
ll Ex.3 Evaluate [ =" (2x-3)/% +1" II
1 1
1 'I
1
II Sol. The integrand is a rational function of Y2x-3 therefore we put 2x -3 =t5, ll
I whence 1
1 1
i
' 1=j'£ dt=3 [(tB-t3+t2-1) dt+3_[i '
i 2 +1 1+ M
1 lI
1 T 3 3
| _3 £ v _ !
. —37-35 +33 Jt+3arctant+ C. 1
1 1
1 1
; . Returning to x, we get i X
.' I:3%(2)(-3)”6—%(2){-3)5’5%(&—3}”3—(2x-3)”6+a1'c tan(Zx—B)”E‘J.I.C_ |I
1 = 1
1 1
] ]
1 1
] ]
= - __ I BN | - - B B | - Page 44 Uf 79 - = . - - - . . - - - 1
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f%& ?‘\11 + %@ dx.

Ex.4 Evaluate !

Sol.

Let x = t3 = dx = 3t2 then

1= [ta+tY7 3 de= 3[R+ 7a

Llet 1 + t* = X7 o> 4t dt = 7X5 dX

, j7x7dx=% X + C.

=
4

21
Therefore I = T (1 +x%)87 1 C

3F2—)(

Ex.5 Evaluate I = '[ (2-x)* V2+x

dx.

Sol. The integrand is a rational function of x and the expression
let us introduce the substitution

2-% - X
_ = = {3
21 x t; 21 x t¥, Whence
2-2t3 483 -12t2

= i2—-Xx=—=;dx= dt.
% 1+t3 2 1458 % Q+E2y

21+ tP 22 0 3 pdt
L | s Ep 2 J't3
2
=%+C.Wegetl=%ﬁil[%] +C.

Get More Learning Materials Here : & m
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[ = = = = = = = = o= m = = m = O m = = = = = = = = = o= = = ]
[ [
1 1
1 1
|I lI
I J—"J"= I
'I Integrals of the type ¥*Y where x & y are linear or quadratic expressions 'l
[ [
II Ex.1 Integrate 1/[(2x + 1) \,f'4x +3) 1 II
| |
'. Sol. '.
1 1
.' 20t - 3) , t2—3+1=t2—1 ll
.I Put 4x + 3 = t2, so that 4dx = 2tdt and (2x + 1) 4 2 2 lI
| |
1 1
| [ |
ll [(2x +1)1| 4x+3)] 1 (tZ 1]t ll
1 1
1 II
i [ g fet] 3, ST I
ll B i 200 \tiaf — 3 oo Jax+3)+1 T |l
1 1
i _ xidx i
.' Ex.2 Evaluate * (X -1)yJ(x+2)~ I|
l' II
. Sol. I
1 1
I. Put (x + 2) = t2, so that dx = 2t dt, Alsox = t2- 2. 'l
1 |
II _[ x2dx j(tz -2)%.2t dt t*-4t? 14 % II
I -10+2) T (@-ae T -3 II
1
1 II
1
n -2 [[E-0+ {1/ (2 -3 dividing the numerator by the denominator '.
1 1
1
i =2[%t3-t+{1f(2ﬁ)}!og{(t—ﬁmuJi)}] I
|
II 1
i (x+2)3"2 T 7 \,(x+2) J3 |
'I =2[ 3 "(x+“)+2\3logvtx+2)+,.3 '.
1 1
| .'
2
I| Ex.3 Integrate 1 J(x+1) 3 II
1
i
. Sol. I
] |
.I Put (x + 1) =t2,so that dx = 2tdt. Alsox =t - 1. ll
[
|I |
1 1
i |
l-------_-------------- Page460f?g ----------------------I
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I _____ dx I 2t dt _[ dt
2 x+1) ~ 1@z T2 ) e 202

1 : 1 . 1 4
=I§ (t+1)? (t+1) (-1 (-1 9t

1

1 1 1
-5 {/(t+ 1))+ Flog (t+ 1) - 5 {1/(t - 1)} -

= 2 {U(t+ D} + Y(t- D1+ 5 log {(t+ 1/t~ 1} + ¢

2 Jx+1)-1] €

T 113 (x+1)+1
=_ "(x;lj + :13 log {v }

Ex.4 Integrate 1/[(1 +X) J(1-x*)].

Sol.

Put (1 + x) = 1/t, sothatdx = - (1/t2) dx.

Alsox = (1/t) - 1.

J- dx _ -1 /t3)dt
A+xifa-x2) 7 a/oNn-{a/0-13%
. I-L . _de
\Il[tz —~(1-8?%] \u'(2t -1)

1 -1/2 o+ _ 1y
--3 j’(zt_n . (2dt = - [(2t-1))

e kll[%‘l} +C=- Ull[i::J +C.

dx
J .2 fr,,2 .
Ex.5 Evaluate (X" —1W(x~+1)

e E e e e e e = Page 47 of 79

3 I(t,,l)z Tz (t+1) 5 j(t = % J-(fi—l)

af
Elog (t-1)+c¢
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Wﬁ—;ﬁ#—ﬁ"?—?—i_i_ﬁ_ﬁﬁ"ﬁl
[ [

| |
1 [
II lI

] SO]. i
1 1
.' Putx = 1/t, so thatdx = - (1/t2) dt. .'

| |
L o | dx o {1/%)dt tdt L
I 0E-DY02+1) /) B)+n T Q-BNA+E) "

|

[ [
" Now put 1 + t2 = z2 so that t dt = z dz. Then .'
| |
1 ddz dz dz 1
. SE Frere syl P R = .

1 — 5 1
! IR T R SR (€51 R !
Il Y e Al L Ja+t)+42 T |I

1 1
' .' — - i

1 _1, Y1 +(1/%%)} - 42 1
" = alz ™ 1‘.'I{‘J. +@/x2)p+42 T E Il
1 1

1 ; E |
" . [\.'1+(1{x2)-xu'2} II

= -7 log | ] > = |+c
2'“2 | |
|I V1+(@1/%%) +x42 [+ t=1/x] |I
1 1

| dw 1
l ‘IF‘1 ‘i : lI
il Ex.6 Evaluate ] =  2V1-XV(2-X)+v1-x I
|' II
1 |
Il j dx I|
'I Hexe, L= 2xy1 = xyJ(2 - %) +4/1-x 'I

] ]
'I .[ 2t dt dt 'l
1 I=don_@)tfie2 st =~ T -2We2 +ts1 II
II 1

] |
i =,[ dtJ =1J.(1-1].dt "

1 (t-1)(E+1Wt2+t+1 — 2 JlE-1 t+1) 2 t41 'l
[

1 1
II - 1 1 ( 1 1 ] .I
1 : (t-D+1) ~ 2 lt-1 t+1 1

i
II 1

| 1
[ [

1 |
[ [

| ]
[ [

| Y
l-------_-------------- Page48 Uf 79 ----------------------I
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= = = = om o m o om om owm om om owm om om om om o m owm o m om owm om m owm owm o= o= =]
1 1
1 1
1 1
1 1
" -1 [ = gt L J'__l:ﬂ_t "
= . dE- =
'I 2 T (t-WEP +t+1 29 (t+1WE 4+t 'l
1 1
1 1
! Ll B 2 fpe '
I 8 =247 25 I
1 1
1 1
1 _[ dt 1
|I Wharg'l, = (t-INEZ +t+1 ang |I
II ll
I L= (t+INE2 +t+1 e s i Eﬁ)rli' B
1 1
1 1
" - -1/ 22dz o dz "
1 Yokg e R Eog I 32 (BY I
1 [1+ ] +(1+ )+1 I{z+ ] +[*~ ] 1
z z z 2 2
[ | [
1 1
1 II
1 _
3
II = _log [z+ EJ+\"22+32+3 (1)) ll
1 1
l' II
1 Forll,put(t+1)=1,ll=—'|-[d% I
. S 12 3 1
- >3 -
\ 2 4
| 1
1 II
1
1 Ve 1}, Jo2 I
1 = -log {S-—]-!- VvS=-5+1 -...(iii) |
=2
1 i
1 II
| 3 [ g 1 |'
ll I: S % {[G{Zé"F\IIZZ'I‘BZi’B}} + % |og RS—E}-F\'S'?—S-I-I +C 'I
1 1
1
) R RS '
.I where,z—Jl_—x_l ands—m+1. l|
] 1
. . . . - 1
'. Integration Of A Binomial Differential I
] ]
i [ m n ’
. x™(a+bx")P , . [
II The integral | ( g where m, n, p are rational numbers, is expressed i
1 through elementary functions only in the following three cases : II
]
1 1
1 1
'I Case I : pis an integer. Then, if p > 0, the integrand is expanded by the formula of ll
1 1
] ]
1 1
] ]
= - __ I BN | - - B B | - Page 49 Uf 79 - = . - - - . . - - - 1
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the binomial; but if p < 0, then we put x = tk, where k is the common denominator of "
the fractions and n. Il
1
1
m+1 1 :
Casell: " isaninteger. We puta + bx" =t where « is the denominator of the 1
fraction p. II
]
1
m+1 I
Caselll: N + pisaninteger we puta + bx" = texn, where a is the denominator of II
the fraction p. I
|
1
4%.— —. - Il
X(2 +x)" dx.
Ex.1 Evaluate [ = J |I
Sol II
ol.
1
|
1 i l
I= [x3(2+x2)2dx. |
Here p = 2, i.e. an integer, hence we have case I. II
1
1 1 4 5 1 1
1=j'x3(x+4x2+4} dx = {(x3+43¢5+4)c3)dx II
'I
7 i1 4
3 24
=3 =t y6 2
7,1-(3-1-11x + 3x° + C. ll
1
|
1
—
" ’\.(I]_ + %r’; ' !
J 3o dx. 1
Ex.2 Evaluate[= VX II
|
o2 11 1
I= |x 3(1+x3)2dx, 1
Sol. j i
1
ll
Herem=—g'n=1' -1, !
=g e g i

Page 50 of 79
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Tl e L e e e e e B L B |
| |
] ]
| |
lI lI
I (_2 +1} I
1 m+1l - 2 1
I - ko I
1 3 |
| ]
| 1
II i.e. an integer.we have case Il. Let us make the substitution. Hence II
13
b I=6 [tidt=2t3 +C=2(1+x3)2 +C- o
lI II
.l 1107 L % -éd .l
X x7) Zdx-
| Ex.3 Evaluate I = J‘ (=% |
1 1
i |
[ Sol. I
1 II
I| Here p=-1/2isa fraction, m+1/2 = -5/2 also a fraction, but m+1/n 4+ p/2 =-5/2 [
lI -1/2 = -3 is an integer, i.e. we have case III, we put 1 + x* = x4/2, |I
1 |
1 1 2 tdt II
1 K= w2 41/4 ; OX= - 2 _1y/4
1 Hence =1 A=<y, |
II lI
1 Substituting these expression into the integral, we obtain II
1
1 g |
l. 1 a oo [ B 2 tdt II
1 e et [9-1 : [
[ : 2(t2 -1)4 1
1 i
. 5 3 I|
1 1 2 2 v t L
=_ = |(tP-1)pPdt = 4y = _ =
|l s I( ) T T T |I
1 II
1 — 1 — ) S —
1 - +x*)P + g JA+x*)P - 53 J1:x* +C |
| Returning to x, we get [ =  10x*° Vi T gl P =il i .I
|
I . I
1 Euler's Substitutions |I
II o 1
1 Definition 8
1 1
] ]
1 1
| 1
1 1
] ]
1 1
] |
1 |
1 1
1 |
1 1
1 1
] ]
1 1
i ]
l-------_-------------- Pages-l Uf?g ----------------------I

Get More Learning Materials Here : & m &N www.studentbro.in



Get More Learning Materials Here : &

T ————m———

jR(x, Jax? +bx +c)

Integrals of the form dx are calculated with the aid of the three 1 1
Euler substitutions. 1
1. yaxZ+bx+c =t Jaisa>0; II
s ; 1
2. -\l'ax‘—...bx.,.c =t£\f€|fa>0; 1
|
3. Jax? +bx+c = (x-a) tifax®>+bx+c=a(x-o)(x-p) lI
i.e.if e is real, I root of the trinomial ax* + bx + c. 1
|
| xdx ll
Ex.1Evaluate ] =~ (\7x-10-x7)" i I
1
II
Sol. In this case a < 0 and c < 0 therefore neither the first, nor the second, Euler 1
substitution is applicable. II
But the quadratic trinomial 7x - 10 - x2 has real roots a = 2, § = 5, therefore we use 1
the third Euler substituion : Il
|
V7x-10-x2 = J(x-2)(5-x) = (x-2)t ll
II
Whence 5 - x = (x - 2) t%; 1
1
|
_5s2¢2 6tdt 1
T e T T ey 'I
|
e II
5 +2t2 3t
(x-2)t—{1+t2 -z]t— = I|
|
'I
6 [5+2t 2 (5
_ o — _— e 2
Hence I 27 .[ = dt 9 I(tz + ] dt lI
|
i
2 [‘5 2;;) V7x-10-x2 "
=g T +C.wheret=T. 1
]
1
— 1
I(x+\f1+x‘}”dx. [
Ex.2 Evaluate |
|
|
Sol. [
]
|
|
|
]
1
]
EH = = = = = = = = Page520f7g -----------I
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1 1
1 1
1 1
1 1
1 1
.' Let1= _[{x+x"1+x2}"dx PUtX + 1 152 =t |l
8 413 1
1 1
1 1
1 / 2 1
1 VI+X" +X
! 14 e W Iy =t = T |dx=dt !
I 201+ %2 Vi+x 2 1
I 2} I
1 1
i We know i
i , i
1 ‘ x -1+ x2 1
II =X+ 1452 =X+ J14x2 :-:x_\llrh—xi II
] ]
1 1
II it= — = =X+ 1442 |l
1 X—v1+x2 Vorke [
1 II
1
1 1 S , 1
1 and - r = X =142 substracting we get, I|
1
1 lI
1
1 | 1 . 2t i
1 214%2 =t+ T oor Hand = Z.1 ....1in) 1
1 1
1 II
1
I 2 I
1 from (1), (11) and (i) we getdx = ——— dt 1
i 2t I
1 II
1
1 tZ +1 1 1 tn+1 tn—l l
= tn. = o n-2 = - T
ll I J' (th) 2j{tn+t )dt 3 n+l n-1 +C II
1 II
1 1 1
- —— f N+ —_— | n-
lI = 1= on+1) X + J(1+x®) " + An—1) (¢ + JiL+x®) )t +c 'I
1 1
1
1 ; Can We Integrate All Continuous Function? 1
' The question arises: Will our strategy for integration enables us to find the integral I
'I e g ll
X
1 of every continuous function? For example, can we use it to evaluate ? The 1 .
. . answer is no, at least not in terms of the functions that we are familiar with. 1
i 1
II The functions that we have been dealing with in this book are called elementary '.
1 functions. These are the polynomials, rational functions, power functions (x3), |I
.' exponential function (ax), logarithmic functions trigonometric and inverse 1
| trigonometric functions, hyperbolic and inverse hyperbolic functions, and all i i
'I functions that can be obtained from these by the five operations of addition, i
1 1
] ]
1 1
] ]
= - __ I BN | - - B B | - Page 53 Uf 79 - = . - - - . . - - - 1

Get More Learning Materials Here : &

@’g www.studentbro.in



[ = = = = = = = = o= m = = m = O m = = = = = = = = = o= = = ]
1 1
1 1
1 1
1 1
! i subtraction multiplication, division, and composition for instance, the function f(x) ' i
1 [ x*-1 _ 1
i |—5———— + £n (cosh x) - xes" i
1 . = Y3 +2x-1 is an elementary function 1 I
1 ) 1
I' If f is an elementary function, then f' is an elementary function but J f(x) dx need not I'
2
.' be an elementary function. Consider f(x) = e - Since fis continuous, its integral .'
I e '
[ Fix) = [t [
|' exists, and if we define the function F by 0 then we know from part 1 of .l
2 2
|I the fundamental theorem of calculus that F'(x) = € Thus, f(x) = € hasan |I
II antiderivative F, but it has been proved that F is not an elementary function. ll
1 1
1 : ?This means that no matter how hard we try, we will never succeed in evaluating J. ||
2
.I e* dx in term of the function we know. The same can be said of the following II
[ integrals. 1
|l [e_xdx Isin(xz)dx Jcos(e"‘)dx |I
1 % I
1 1
. (3 4 ! sinx I
R [ e I
1 ’ II
1
l. Derivative of Antiderivative (Leibniz Rule) |I
| 1
1 Rule: I
II If h(x) & g(x) are differentiable function of x ! I
1 hix) 1
d
g 3 | 0at=h ()] b - £ g (9] . g'(x) g
1 then, 9} |
1 - < [ '
1 : . _ j' 112 dt. I
1 Solved ExamplesEx.1 Find the derivative of the function g(x) = *0 1 :
1 ! — — |
.' Sol. Since f(t) = Vi g continuous, therefore g'(x) = V1+x* |I
1 1
[ jt 1 '
I 5
1 I Ex.2 IfF(t) = *?x" =1dx, find F'(1), F'(2), and F'(x). 1 :
1 1
§ Sol. The integrand in this example is the continuous function f defined by f(x) i |
1 1
1
1 ' = 1
1 |
1 1
i i
1 1
] ]
1 1
] 1
l-------_-------------- Pa98540f79 ----------------------I
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F'(t)=f(t) = . In particular;

241 [
1

1
Fl)= 3 ==, F@ =% == i,
R i S4B "

1
|

¥ |
ax ]

— [ sectdt. .
Ex.3 Find 9% - I

1
Sol. Let u = x* Then 1 !
]
axt d pu ll
o J1 sec tdt _EL sec t dt Il
d(u d II

' | du

= a‘ L sec tdt |a = sec u g—: = sec (x*) . 4. II
lI

. x3 1
o J cos tdt I

Ex.4 FInd the derivative of F(x) = - =/2 1
i
Sol. II
II

. dF du  d |V du

FOO= e = aj[fmm‘“‘]ai , , "

= (cos u) (3x2) = (cos x3) (3x2) i
i

x2 . 3 1
F(x) = Imzmstdt =sintfl,, II
§
'I

= sin %2 - sin — = (sin ¥*) -1 1
4 1

|
2 i
[ta-0@+t+1? - @@+ 1) + £+ 1)} "

F'(x) = (cos x3) (3x2).Ex.5 Letf(x) = 0 . Find 1
the value of 'a’ for which f'(x) = 0 has two distinct real roots. . !
1
Sol. Differentiating the given equation,we getf'(x) = (a-1) xX2+x+1)2-(a+ 1) .I

(x+x+1)(x-x+1). 1
Now, f(x)=0=(a-1)(x2+x+1)-(a+1)(x2-x+1)=0=x2-ax+1=0. l'
For distinctrealroots D >0ie.a2-4>0= a2>4 = a€ (-, -2) U (2, x) 1

Page 55 of 79
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[ [
| |
1 1
| |
1 1
i i
1 I Ex.6 Show that for a differentiable function f(x), 1 l
' rraall 1. f how. s “n
1 jf'{x)-:l[x]—x——} dx = 1f(x)clx-—f(u>+—f(n)-‘?f{r), 1
] G 1 2' EI 2 2 r‘-=_E].l ]
1 1
I (where [ * ] denotes the greaetest integer function and n € N) I
1 1
| |
1 Sol. 1
1 1
I n n n l
|I | = [FOooidx- [xPin dxs ;Ji'(x}dx |'
i 0 0 0 ]
1 1
| _ 1
1 nor ]’ n 1 |
1 = 3 [roopd dx-{ode0R - [100ax +o (100 |
! r=1roq 1 0 I
1 |
1 1
1 n r 1 1 n ll
1 _ 1 [r _ _
. ey Z’;{r 1) J’f (x) dx —nf(n) & _ f(n)—_(0) +_{ f(x)dx i
1 F= r=1 D l
1 |
1 n n 1
I = 3 (- )~ F(r =M} -nf(n) + )+ [1x)dx— ~1(0) !
1 4 2 J 2 |
1 i o 1
1 II
1 n
II + % f(n) + % (o) + If{x}dx 'l
1 =-f(1)-f(2) - e ~f(n-1) -f(n) 0 II
1
" LU WIS I "
= Z!{r)+—f|{n)+—f{ﬁ]+ f(x)dx
ll et TR 2 £ II
1 1
] L ]
1 | xe*dx. 1
I| Ex.7 Evaluate * = I'
] i
[ ll
i
i |
1 1
| 1
1 [
] ]
1 |
| |
1 1
| i
[ 1
1 1
1 |
| |
1 1
| |
l---------------------- Pageseof?g ----------------------I
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0 . 0
I xe* dx = M xe* dx
-0 t

We integrate by parts with u = x, dv = e* dx so that du = dx, v = ex;

0 " xU Ux
J‘t xe* dx = xe t—j'te dx = —tet— 1 + e

We know that et — 0 as t — —=, and by I'Hopital's Rule we have

' t . i t ;
lim te' = lim —= Iim — = im ;e _
t—a—mo t—a—x e-t {——o e—t = ‘[_p—m( e) = 0

0
Therefore J' xe* dx= fim (-tel —1sely=—0-1+0=-1
—c ——0

a X 1

Ex.8 Evaluate ' 14 %2

dx.

Sol.

© 0 1 © 1
J' dx=J' dx + dx
=14 x2 —m {4 x2 0 1+x2

We must now evaluate the integrals on the right side separately :

[T = im [ = i tan~'x],
0 1432 t—zd0ey?  tom 0

= lim(tan"t—tan™'0) = lim tan""t =2
t—sm tem 2

o 1 : 0 dx "
—dx= lim = lim tan~x
Iﬂ 1+x2 [ x-z E

N ts—wodt 14 |

(=
= lim(tan"'0-tan""t) = 0 - —5) = %

t—m
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I - - - - - - - - - L - - - - - - - - - L - L] - L] - - - - I
1 1
1 1
1 1
1 1
Il Since both of these integrals are convergent, the given integral is convergent ll
1 J"“ 1 P e 1
|I and '~ 1+ 2 2 Since 1/(1 + x2) > 0, the given improper integral can be |l
Il interpreated as the area of the infinite region that lies under the curvey = 1/(1 + Il
I X?) and above the x-axis (see Figure). I
1 1
; 1 l.5 1 ” ' 1
i’ Ex.9 Find -2 vx-2 i
1 1
1 Sol. 1
II II
| We note first that the given integral is improper because f(x) = 1/V(x-2) has the |
ll vertical asymptote x = 2. Since the infinite discontinuity occurs at the left end point ll
1 of [2, 5] 1
1 1
1 1
1 y 1
1 1
1 1
1 1
1 I
1 1
1 i
1 II
I -
i ’ "
1
1 1
1 'I
1
1 [ 1
1 1
1 i
: lim — !
1 = 5zt (243 - (x—2)=243 1
[ ? [
1 1
1 I Thus, the given improper integrat is convergent and, since the integrand is positive, I "
1 we can interpret the value of the integral as the area of the shaded region in Figure. 1 |
1
1 ol II
' | In x dx . '
'I Ex.10 Evaluate *° I
1 1
i i Sol. We know that the function f(x) = In x has a vertical asymptote at 0 I !
lim o
II since *—07 nx = =, Thus, the given integral is improper and we .l
1 1
II J.Inxdx= "m+_|‘ln>cdx .'
" have 40 i L I
1 1
.l Now we integrate by parts with u = In x, dv = dx, du = dx/x, and v=x l'
1 1
1 1
| 1
1 1
] ]
l---------------------- Page580f7g ----------------------I
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Tl e L e e e e e B L B |
| |
] ]
| |
| |
1 |
| ]
' / "
> X
[ 1 [
| ]
| 1
[ | area = 1 y=1x% [ |
| 1
[ Fiure 1
| |
] 4 |
'l [tlnxd)(:xln x]:—rdx ll
1 : ' =1lln-tlnt-(1-t) =-tlnt-1+t 1
i i
II To find the limit of the first term we use I'Hopital's Rule : II
lI lI
lim _ lim, int _ gim M Gim
II x—0" tint= x=0" q¢ =07 _qy¢2 t—0" (-t)=0 Il
1 1
1 ; , 1
" [Jnxdx = M0 (tme-1+1) L
1 Therefore =-0-14+0=-1 1
1 |
'| Figure shows the geometric interpretation of this result. The area of the shaded ll
1 region above y = In x and below the x-axis is 1. II
1
1 |
1 II
" [ Tr2e™qax, | | I
1 Ex.11 Evaluate -0 (where [ * ]| denotes the greatest integer function) [
1 i
1 1
1 II
|l Letl = I:[?e_“ldx. Lety = 2e* 1
1 i
1 'I
|I d—y=-2e"<0vxe[u,w) 1
I dx I
1 |
.I :.  2e™is decreaisng function v x & [0, =) II
] ]
ll = D<2e*<2vxe [0, =) 'l
1 1
i forx>In2 = e>22ex<1/2=2ex<1 ~0<2ex<1[2e4 =0 i
|
'I mn2 .
] . = —x = =X |
L P _[u [2e™]dx + _[m[ze 1dx ;
1 1
1 |
1 1
1 1
] ]
1 1
] ]
l-------_-------------- Pagesgof?g ----------------------I
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[ = = = = = = = = o= m = = m = O m = = = = = = = = = o= = = ]
| |
1 1
1 1
lI lI
n2 =
.| =j'n 1.dx+anﬂ.dx=(En2-0)+0=£n2 '|
1 1
! I Definite Integral As Limit Of A Sum And Estimate Of Definite Integrals ' I
| |
i ; Deﬁnite Integral As Limit Of A Sum 1 '
1 1
" J'f(x)dx = "M% h[f(a) + f(a + h) + f(a + 2h) +..ceeeeet f(a + N-1h)] "
1 1
i i
1 |
1 1
I "m't h T Y fla+rh) whereb-a=nh I
| r_ﬂ |
1 1
1 1
1 e 1
.' If a=0 & b=1then, “'m'm h\_f(rh) J.f{x)dx ; where nh=1 ||
1 = I
1 1
i 1 : ; II
limit { 1) = (T
! Sl £} ;f{; .Of(x)dx lI
1 I
II II
I Remark : I
1 1
l. _[ II
1 The symbol ¢ was introduced by Leibnitz and is called integral sign. It is an 1
I' elongated S and was chosen because an integral is a limit of sums. In the II
I [bf{x}dx. £(x) I
ll notation -3 is called the integrand and a and b are called the limits of II
1 integration; a is the lower limit and b is the upper limit. The symbol dx has no [
1 b |
[ . . . | fx)dx . [
1 official meaning by itself; - a is all one symbol. The procedure of calculating an i
II integral is called integration. .I
1 |
. i Estimate Of Definite Integration & General Inequality i I
] 1
1 | STATEMENT : Iff is continuous on the interval [a, b], there is atleast one number c 1 :
I [ f(x) dx = f(c) (b - !
i between a and b such that l €] (6-a) ] !
1 1
[ Proof : Suppose M and m are the largest and smallest values of f, respectively, on [a, 1
" b]. Thismeans m < f(x) < Mwhen a<x<b .'
1
lI 1
i i
1 1
] ]
1 1
] ]
l---------------------- Pagesoof?g ----------------------I
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| 1
] ]
| 1
| i
! b b b '
. ' = L mdx < L fix)dx < L Mdx Dominance rule . !
1 1
| 1
| b ]
1 = m{b-a)< L fix)dx = M(b- a) )
] ]
| 1
: T Prodx<m '
II = miﬁ_l-a (x)dx < II
1 1
|l Because f is continuous on the closed interval [a, b] and because the number | |l
1 b
A oog . feodx . | of
I = b-a Ja lies between m and M, the intermediate value theorem syas there I
lI exists a number ¢ between a and b for which f(c) = I ; that lI
1 b b
I — [ ax = f(c) J' f(x)dx = f(c) (b — a) |
1 is, -2 Ja a 1
1 Il
1
[ The mean value theorem for integrals does not specify how to determine c. It simply 1
I I guarantees the existence of atleast one number c in the interval. Il
1 Since f(x) = 1 + x2 is continuous on the interval [-1, 2], the Mean Value Theorem for l|
1 2
[ , , | (1=x%)dx = f(c) [2 - (-1)] |
[ Integrals says there is a number c in [-1, 2] such that - |I
1
; ; : 5 g : 1
'. In this particular case we can find c explicitly. From previous Example we know that 1
'. fave = 2, so the value of c satisfies f(c) = fe =2 ||
1 1
I' Therefore 1+¢2=2 so =1 II
1 i
ll Thus, in this case there happen to be two numbers ¢ = + 1 in the interval [-1, 2] that II
1 work in the mean value theorem for Integrals. II
|
1 1
1 1
| 1
] |
1 1
] i
1 1
] 1
1 1
] ]
1 1
1 1
1 Figure 1
§ II
. i Walli's Formula & Reduction Formula I
1 1
1 1
1 1
1 1
1 1
| 1
1 1
i ]
l---------------------- Pages-l 0f79 ----------------------I
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ni2
f sin"x.cosMx dx =

0

Where K = >

= 1 otherwise

Solved Examples

2 if bothmandnareeven (m, ns N);

¢S g
-6
Ex.1 Evaluate lo ™ - using limit of sum.
Sol.
Ja oo -sno0x - Jm Sipeyax - m 532
(. | i=1 4
Cgim 3 (3P (30
=354
Figure
3 [27a 18 Blema 54O
n"_rfmn E{ng = '] = n]'_';nm{n4 é' QEI
_ o IB[am+nT? s4nn+1)
'n"_rfu{[n_%[ 7 J o2
= lim 31[;1+1]2-2 /1+1]
-n—»w 4 \ n_ 7L I'I,
L R
4 4
S e e FagebZof 79

[(n-1)(n-3)(n-5)....10r 3][(-1)(m-3)...Tor 2]
(m+n)(m+n-2)(m+n-4)...1or2
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1
]
1
i
This integral can't be interpreated as an area because f takes on both positive and ' i
negative values. But is can be interpreated as the difference of areas A1 - Az, where 1
Ai and Az are shown in Figure .l
]
1
2 16 ¢ '
|smnﬁsec'-sde _ Zcos(n-1)6 _ ) II
Ex.2 Prove that, n-1 Hence or i
2
H‘- cosSusmSc Il
: J cos6
otherwise evaluate o .'
]
Sol. N
|
Consider sinnB + sin(n-2)0 =2sin (n-1) 0 cos 8 = sinnb sec B = 2 sin (n-1) 6 - II
sin(n-2)06secH [
1
, 1
[mn n sec Hde 1
Hence - 1
1
|
2 i 1
= _ n-1) cos(n-1)6- Ism (n—2) sec&ds |
1
1
1 ™" 2sin36 cos56 1 "% sinBs—sin26 II
-] e e oo =N e L 1o 1
Now 2 I COoS 6 de 2 j cosé |=§|;-1 Il
o] a
’ 1
i
2 w2 " sin 66 I |
== cosTE[F -
o 7 %o -{ cos8 I
D |
1
ni2 'I
2 2 ni2 sin 46
- {—gms 56|, - ;! T de} i i
|
|
5 13 | & 2 "2sinze | il
i -Ecos?.a L de 1
7 a b cos & J :
1
1
_2 [a_zz]_z 2.2 2 '
B G A A R T !
|
_ 30-42+70-210 152 II
1056 T T 106 i
1
1
1
]
1
]
E BN B B B B B = Pagessof?g -----------I
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= = = = = = = = = o= owm o m owm o wm om wm om o m owm o m owm wm m ow o wm o= = =
1 1
| |
| |
| |
1 1
152 76+105 181 /4
l _ — —_ - —— _— - ﬁ =t ol =, 3;[ I
I | =- 535 ~1 105 105 _[ (cos 26/ 2cosBds - —= I
1 Ex.3 Prove that -° 1642 i
1 1
|I Sol. |I
| |
I 14 i4 1
1 [“ (cos 26)*'?cos v de = fr (1-2sin?8)*? cos 8 de P
1 LHS =" 8 1
| |
1 1
i = ; cost I
1 (Put \2 sine=sint=coseda = Ja dt) 1
v
| |
| |
II whene—>0thent—+0;6—>n/4 thent— =/2 II
1 II
1 /2 cost t 1 31=x 3n
I LHS.= | =t = =252 = 7 =RHS. I
' (] /2 2 422 1642 e o
.I N ' X (From Walli's formula) II
1 1
1 1
I| .-m'Q sin? nx . I|
= . o . -
'| Ex4Ifup= "? sin"x then show that ui, uz, uz,..... constitute an arithmetic ' I
I' progression. Hence or otherwise find the value of un. II
1 1
1 Sol. I
1 |
1 1
1 Un+1-2Un+ Up-1= (Un+1-Un) = (Un - Un-1) lI
1
II _ J-;=;2(si|'r2(r1+1jp<—sinzn:-{)—(sin2 nx —sin?(n - 1)x d I|
1 0 sin? x 1
1 |
1 |
1 _ [n12 (sin(2n + 1)xsinx —sin{2n — 1)xsinx) i '|
'I -a sin? x ]
| 1
] |
1 _ j-ﬂ2(sin{2n+1)x—sin(2n—11x) ) ["2_-"-’_?!?_??__'1’5_?11!!_5_ II
.' 0 sinx 1o sinx 1
] |
1 1
II 2[”2 oy =2 sin 2nx™? .'
= coSs X ax = .
I lg 2n |y |
1 [ |
] |
ll =%(5innn—sin0)=0-0=0 Il
1 1
I |
'I S Up-1+ Un+1= 2Upi.e, Un-1, Up, Un +1 form an A.P. ll
1 1
] |
1 |
] |
l - - - - - - - - — - - Page 64 Uf 79 - - [ - - - - - - = - I
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1 1
] ]
| |
| |
" i = U1, U2, Ujeeerenens constitute an A.P. . i
Il I Il
co . 2
1 Ex.5 Evaluate -[0 (1 —2+ wr) el 1
| |
I. Sol. I.
[ | 1
[ ' 1
ll I.tezt[=‘|.ﬂi‘-m (1 - % + %) dx ll
lI II
1
1 _ = 1
| = | eot™ (1 - x(1 - x))dx |
| |
ll w2 A" r tan'wr X+{(1+x) I]dx |I
] B .[u i‘l—x(‘t—x)_J *=l \1=x(1-x%) ) II
|
1 1
1 - 4 1
1 = [ (tan~"x + tan~"(1- x)) dx I
~0
1 Il
Il =I1tan"xdx +j1tan'1{1—x]dx I
1 o 0 |
II lI
1 Y PR [1ta - 1
|' = _fotan xdxfjatan {(1-(1-x))dx =2.‘__l n— x dx |I
1 1
l. Integrating by parts taking unity as the second function, we have |I
1 ) II
I T x EEETr
II l=2[[xhn X}D—J'thz dx] =2,j—§[lnli.x |]u] |I
1 II
1
1 =2[E—1|n2} Hencel=%—ln2. |
1 o 1
1 |
II JJ dx _ T jr i .I
0 (a-CcosX .2 : - 3"
i Ex.6 Show that ~_ ' ) @®-1) " Hence or otherwise evaluate *° (v5 - c0sX) |I
] i
| 1
I Sol. I
1 ll
1 T dx
| et [ ol "
| [ |
i j'ﬁ dx II
II ! a—cos{x—x) (By Prop.) X
1 |
| 1
1 1
1 |
1 |
] ]
1 1
] ]
l-------_-------------- Pagessof?g ----------------------I
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1
1
1
i
- [ dx "
~ Jo(a+cosx) T (2) 1
1
1
adding (1) and (2) then II
]
Iﬂ 2a dx w2 dx II
2l=1lg (@ —cos®x) 2a.2]g (a” - cos? x) 1
]
w2 dx ll
= | =2a jg (% —cosZy) lI
1
12 2 ]
= J“ sec” dx 1
0 a?(1+tan?x)-1 II
1
™2 sec? xdx I
= 3[0 ) 2 I
s fa“ —1)+(atanx) |
1
Putatanx=t=asec2xdx=dtwhenx=0=2t=0; x=p/2=2t=« I|
1
r = i
= 2 [ 4 ot 1
then |=2 7 =y fan 1
'f" (Wa®-17+t*  J@* -1 1 | y@® -1 ]L II
| II
= 22 {tan" - tan™ 0} = 7= {g-ﬂ} |
yia® -1) (a= -1~ J 1
1
i
Hencel = = or r & . — !
(@2 —1) ofa—cosx) [22_q " i
§
1
J-li ax __ -rma .l
“Jo(a-cosxy (a®-1)*'2
Differentiating both side w.r.t. 'a’, we get : r @ 1 '
i
T dx n(2a% +1) '.
- o 5 ¢ i 2‘['3 @a-cosx)® (a2 -1 1
again differentiating both sides w.r.t. 'a' we get i
1
Put a = V5 on both sides, we get o
]
o[F o =i [f 1 !
0(5-cosx)® 4*2 % lo(J5_cosx)?Z 16 |
Ex.7 Let f be an injective functions such that f(x) f(y) + 2 = f(x) + f(y) + f(xy) for all 1 :
1
1
]
1
]
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[ = = = = = = = = o= m = = m = O m = = = = = = = = = o= = = ]
| 1
1 1
| 1
| i
| 1
] ]
'I non negative real x and y with f(0) = 1 and f'(1) = 2 find f(x) and show that J. f(x) 'l
1 dx - x (f(x) + 2) is a constant. 1
1 1
1 1
] ]
1 Sol. We have f(x) f(y) + 2 = f(x) + f(y) + f(xy) slE) 1
.' Puttingx =1 and y = 1 then f(1) f(1) + 2 = 3f(1) .'
ll wegetf(1)=1,2&f(1) = 1 ( ~ f(0) =1 & function is injective) then f(1) = 2 Il
1 1
'I Replacing y by 1/x in (1) then f(x) f(1/x) + 2 = f(x) + f(1/x) + f(1) = f(x) f(1/x) = 'I
[ f) +f(1/x) [f(1) = 2) I
i ]
'. Hence f(x) isof the type f(x) =1+ xn = f(1) =1 + 1 = 2 (given) l|
1 1
.' ~fx)=14+xr andf'(X)=nxr-1=f'(1)=n=2~{x)=1+x2 |l
1 1
1 1
1 3 [ £ dx - x(F0) + 2) = 3[ (1 +33)dx - x (1 + ¢ + 2) [
1
1 1
1 P |
I| =3Lx+%]—x(3+x’}+c |I
1 i
1 - 1
" [ || sinx | — | cosx || dx II
i Ex.8 Evaluate -0 I
1 1
1 II
" Sol. ’
1 1
1 B |
1 _[ |l sinx |- | cosx || dx . 1
1 Let [= "o Make |sin x| = |[cosx| =0 . |tanx| =1 '|
1
1
ll = XK= = 3—!: '
I| ~tanx=%11 4" 4 and both these values lie in the interval [0, T]. Il
i
|I We find for 0 < x < /4, |sin x| - |[cos x| < 0 lI
1
l' LI l'
II 4 4" |sin x| - [cos x| > 0 ll
1 1
.I =-L:M sin % dx+ L:M cos x dx+ j::f sin % dx- J:;zcasxdx |:
': +J-3“mcnsxdx— " s.in:-c-d}at—rt cosx dx ll
. w2 /4 < 3nl4 '
1 1
1 1
] ]
1 1
] ]
l-------_-------------- Pages70f?g ----------------------I
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[ = = = = = = = = o= m = = m = O m = = = = = = = = = o= = = ]
| 1

1 1
| 1
II II

1 3 (1 1 1) (1 (1 0 (1) ]

i _ = - e . — —1 -1+ _ 0= =g - |
'I - [»5 1]+[\|‘E DJ_I V2 1;'5]‘: \12] +l\.‘\-’2 J-i'i \El [ V2 gl =4 '|
| 1

1 1
I s 1

i | 1<% —x+ 1] dx : : : '
II Ex.9 Evaluate ‘0 , (where [ *] is the greatest integer function) II
II . II

X% -x+1]d
'I Sol.LetI=-[G . Il
1 1
II Letf(x)=x2+x+1 = f'(x)=2x-1forx>1/2,f'(x) >0andx< 12,f'(x),0 II

i ]
ll Values of f(x) at x = 1/2 and 2 are 3/4 and 3 integers between them an 1, 2 then x2 - lI
1 Xx+1=1,2 1

1 1
" g 1245 "
1 wegetx=1, 2 and values of f(x) atx = 0 and 1/2 are 1 and 3/4 no integer |l
1 ; between them 1

1 lI
| 1545
II | = -[:2[,(2_1.;.1]@( + j:‘z[xz-xﬂ]dx + _"1 T2 -x+Tdx + ‘['2’;"5 %2 - x + 1 dx |I

1 1
1 1

1 1445 2 1
" =o+o+1j12 1_c|x+2j'“£:51ux II
1 1
|' II

1445 (, 1+5) (5-,5

1 VI _ N v |
' -3 ’]“iz )- (557 l

y _ . : I
1 1
" Alternative Method : Itis clear from the figure 'I

| 1
| 1

. X J
1
II ] | X 1 ll

— Y — X+

: > _ y=x—X I
1 - 1

1 1
! al ,

1 > X
1 |

] |
1 1

1 1
1 1

1 1
1 1

| 1
1 1

i ]
l-------_-------------- Page 68 Uf 79 ----------------------I
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l - - - -] - - - - I
. |
L ]
; |
| 2 . ;
'| ID [%“=%+1] dx = Area of bounded region l|
1 A ; i 1
' (1B 5 1448 '
1 =0+ 2 X1+ (<775 |x2 L
I I
il _ I1+J§' ) '1—J§] i
: =3-|72 =12 |
i i . 1
: |
: |
: 1

1
I J-n ‘ X -lz g - = 1 X 2x2coszi_x!21 ll
- X = j. then show that . 2 dX=3 n-7
II Ex101f °° ‘1+sinx 0 (1+sinx)’ =7 an o II
; |

. 1
I Sol. I

1 II
1 2/ :

I Let lq: 2 'ms [xi,?]dx _ J; x?(1+cosx) I
ll "0 (1+sinx) 0 (1+sinx)? |l
1 Il
| e[, ;

1 D (1+sirnt:']2 ;
; . |

. 1
lI Integrating by parts ta}}cing x2 as 1 st function, we we |I
; sl o x 1

1 ,-+J:x t(1+sinx)}j| +2J1:1 1+:‘:index (1) ;
1 get = 0 - i

. 1
1 II

1 r_x
l l =h- Iz + 2 - I

! 0 1+sinx [By Prop.] |
1 II

|
I _ w(x—x)dx I

| -4 2| S (2) I
1 lI

| s
|I Adding (1) and (2) we get II
II r % |I
: 2] = 20 - 22 + 2x | Areny) !

: ; 1
1 lI

1 #(1-sinx)

or l=a-n? =2 '
II ! +NJ.° 1-sin®x g I
1 II

] 1 ;

1 o gy _‘- (_sec’x—secxtanx_)dx "
I ’ ]
: |
: |
) 1
: |
. ]
: 1
l - - - - - - - | | I
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l - - - - - - - - - L - L] - L]
I - - - - I
I 1
1 II
1
i = L= x?+x {tanx _ sec x}; j
] 1
l 1
|I =r-wt+ x{(0+ 1)-(0-1)} 'l
: 1
II =L-w+2rHence |=A-2r+ II
I ]
lI l-IFZ Xsinxcosx . - II
lI Ex.11 Prove that "0 |a*cos® x+b?sin® x | ~ 4ab*a+b) ll
i 1
! 1
i Sol. ]
] II
1 rt i
: Let | = ‘- 2 XsinXcosx i I
|I 70 (a%cos?x +b?sinx] | : ll
: - ntergrating by parts taking x as a first function, we II
1
! 1
; 712 i
| | =t Il
II 2[!:2—az](azcaszmbzsmzx) - {TJE ; d I
. / ‘0 2(h? —a?)(a? cos? x +b?sin? x| " II
1
l' _ =, 1 J"‘ sec” xdx II
l' a2 -a2)p?  2(b?-22 0 a2 + (btanx)® II
. 1
1 _ - 1 @ dt :
" e e e . i
. 4[b?-a%)p? 2(b?-a?) JD b(a®+t?) '
' | 1
! 1
Il R 1 Il
- e (4]
'I 4fp?-a?)p?  2ab(b’ -a?}[ la} 0 I:
1
I 1
y - 1 __[3 g )
2\, 2 3
II 4(.D -a )b 2all:|(l)2 —32)1»2 [ ;
! 1
| i
II T z_tz'_: * : - l
P 22V aopZfpl_ 2 I
I| (b*-a®Jp®  d4ab(b”-a ) 4ab (b -a’) 1
! ]
i .[2 f(x) dx, wh ;
I X) dx, w i
l e 1% Balyahe 3-272 ere f(x) is given by f(x) = MaX (|t - 1] - [t] + t +1) 'I
]
'I Sol. II
! 1
I 1
! 1
1
II :
]

Get More Learning Materials Here : &

@’g www.studentbro.in



1
1
1
1
t< !
t_zt' 1‘:‘;“ 3/2,  -3I2<x <102 !
Te TS Hence | 2+x  —1/2<x<0 !
2-t  D<t<t 1 5 o3 i
i>1 -
Letg(t) =|t-1| -t/ +[t+1] =" " © g
]
2 =12 o 2 1
[ 0= [0 32dx+ [, @edx [ 2dx i
]
lI
-3(-5+3) 5] e2eem= § "
B |
]
Ex.13 For all positive integer k, prove [
SN2 _ 5 + €08 3X + ...... + cos(2k — 1 |
that snx [cosx + cos 3x + ...... cos(2 )x] Il
1
J' sin 2kx cot x dx = n/2 Il
Hence prove that /¢ i
1
lI
Sol. We have 2 sinx [cos X + cos 3x + ..+ cos (2k-1)x | 1
= 2 sinx cosx + 2 sinx cos 3x + ...+ 2 sinx cos(2k - 1)x II
= sin 2x + sin 4x - sin 2x + sin 6x - sin 4x + ....... + sin 2kx - sin (2k - 2) x 1
= sin 2kx II
= 2[cos X + €08 3X + ... + cos (2k - 1) x | = sin2kx/sinx 1
|
i 1
xf R
=0 J:z sin 2kx cot x dx = .[u : [s‘;;s;xjcosxdx Il
i
1
_ w2 'I
"% [2 cos2x + 2 cos 3% COS X + . + 2 €Os (2k - 1) X cosx | dx .l
1
/2 1
= I
[cosx +ico8 3%+ + cos (2k - 1) x Jcosx dx 1
]
z r L y - x/2 l
- sin2x . sindx . sin2x . sin2kx  sin{2k -2 o 1
_ 2 4 2 T 2 k-2) | T2 |I
1
II
Ex.14 Let f(x) is periodic function such |
X 5 § (p% '13” i l|
jumzn dt=— _[G (f(hdt) | vxeR-{0} i
that X Find the function f(x) if (1) =1. i
1
]
1
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I - - - - - - - - l
y ]
; 1
: i
II 1
i Sol. 'l
; 1
1 R !
1 Let | (1) dt = F(x) I
i i I
" =fX)=Fx) (1) i
' |
I x- | 3 !I( T '}5‘3 l
i 2 re - [ E@F e (2) |
lI Il
1 3 - 3
T ! [F(x)) 1
" and | [ = —— . (3) '
| % |
: |
l x x
' [T Fera=—5 [ Fw’ [
II from (2) and (3) °° X ||
1
1 Differentiating bot sides w.r.t.x, we get II
. 1
|
! ‘ ¥ AFEOFFE)—(FOF 2% 3FCOPF () - (F(x)? ||
' F(x)JJ = x.q e xz l
II or  (xF(x))?= 2x(F(x))*F(s) - 2(F(x})? I I
1 ; 3
I [ %F'(x) =3{x1:'(xz:P > II
! N e Fa | L
| g I
; 1
' 1
1 = MB-3r+2=0 i
1
1 = (3-1)2(24+2)=0 II
i 1
.l for =1 I|
; !
! L F() I
lI where i = Fx) .I
I L =1,-2, "
; |
1 xFx) |
' B 1
. F(x) |
II |l
I Pl _1 1
1 = F(x) x I
1 X =% F(x) = cx 1 :
1 fox)=c 1
I fll)=1=c¢c I
. f(x) = 1 "
X 1
. 1
' 1
. ]
: 1
; ]
I ] - - - - ] | I
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8*In sing ds

Tl L L L L B R e B B ey e B By B B Ry
|
]
|
|
1
] InF(x)=Inx+Inc
1
] InF(x)=c
1
il X (x)
I forp=-2: F(:‘) = -2
|
1 xF(x) 2
ll = Fx) x
1 C
.I = F(x) = =
i
II InF(x)=-2Inx+ Inc,
lI
' InF(x) = - 23
I X
1
1 2
I = g =- X—i
1
|
I' =>  fl1)=1 =-2¢
II
1 then f(x) = 1/x3 But given f(X) is a periodic function Hence f(x) = 1
1
1
1
! Jlx In sinédd = - aln 2
! I Ex.15 Assume-? ~ 77 then prove that
1 Mmoo 3n [T o
.| _[0 P Insingde = > _[0 #1In (2 sing) de.
1
'I
1 Sol.
]
1 . T
. letl= | &Insineds ... (1)
]
| T
i 0 = .[0 {n—8yIn siné ds. [By Prop.]
i
| ®
i = J (M =318 + 318* = 8% In sind d6
1 0
i
1 x x n n
| = :r*jo 6 In sing ds - 3n° jo 8lnsingde + 3n L] 8 Insingde - _[
1
|
1
|
1
i
1
i
| | - - - - - - = - - - PageTSUf?g
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1
1
1
i
n T l
. . n ]
= r‘_“u 8% In sine d6 - 3x? -[D glnsinede  3; ID 82In sine de — | [From (1)] .
1
1
L2 1
- 2l=l, - 3n,+ 3x [, & Insineds I
]
1
[; sinsinode= [ w-omsine-ade= [} o J
l,=]), eInsinéds= | m-6Insinm-6)dé= | (x-8) Insinede i
1
i
n ) 1
2|z=“.[u Insingde =-n*In 2 ]
1
R ]
ey 2 1
, 5 In "
II
] T
then 2l = -n*ln 2 - In2+31r_[ & In singds 1
2 o 1
1
n® Bt LT :
== 2Ir:2 5 .[U & In sinéde |l
|
x [* o x [* : |
= T-[ﬂ g ln /o de = =y -[n 8" In sing de I
1
I i II
n cis 5o
= = jn & In (/2 sin 6)de I
i 1
= I
cos" xsinnxdx — vn=2 neN 1
Ex.16 Use induction to prove that, © II
i
Sol. II
|
xi2 1 |
P(k) : i-tms""):5ir1l-t>cc’[x=m II
’ '
1
iz o ) 1 1
P(k + 1) ; [cos :t:S|n(k+1}ch‘-t=-lE i
0 1
]
T2 l
= Icus"‘lxsin(k +1)xcos X dx 1
o 'I
|
Now sinkx = sin[(k+ 1) x-x | =sin(k+ 1) x cos - cos(k + 1)x sin x II
|
Hence sin (k+ 1 ) x cosx = sinkx + cos(k + 1) x sin x ll
1
|
1
]
1
]
- = . - - - == . - P398740f?9 - . . - - - . . - - -I
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[ = = = = = = = = o= m = = m = O m = = = = = = = = = o= = = ]
1 1
1 1
1 1
1 1
1 =2 |
.I j“’sm [sin kx + cos{k + 1) x sin x ] dx .l
B SubistutingP(k+1) = ° 1
1 1
I xi2 I
! cos* 2 & !
0 P(k) + _[ sinx . cos(k + 1) x dx i
1 8 1
1 1
" Now I. B. P. to get the result g
1 1
e Fundamental Theorem of Calculus 8
] |
1 . Fundamental Theorem of Calculus 1 |
1 1
1 The fundamental theorem of calculus is a theorem that links the concept of II
A 1 integrating a function with that of differentiating a function. The fundamental 1
1 theorem of calculus justifies the procedure by computing the difference between the II
'I antiderivative at the upper and lower limits of the integration process. In this 1
1 article, let us discuss the first, and the second fundamental theorem of calculus, and Il
. 1 evaluating the definite integral using the theorems in detail. I
1 1
. I Area Function i d
1 1
'. Let’s consider a function f in x that is defined in the interval [a, b]. The integral of II
I b |
. Jo f(=)d(=). !
1 f(x) between the pointsaand bie. v @ = is the area that is I
|I bounded by the curve y = f(x) and the linesx =a,x =band x - II
z
" [ HKade. "
1 axis v @ depicts the area of the region shaded in brown where x is 1
'l a point lying in the interval [a, b]. Assuming that the values taken by this function '|
| 1
1 1
1 1
1 1
] i
1 1
1 1
1 1
I 1
1 1
1 1
1 1
] 1
1 1
] 1
1 1
1 1
1 1
1 1
1 1
] ]
1 1
] ]
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1 1
1 1
1 1
1 1
! i are non- negative, the following graph depicts f in x. ' "
1 1
1 1
[ [
1 1
1 1
1 ]
1 1
1 1
1 1
| |
1 1
1 1
1 1
] |
1 1
] ]
1 1
1 i
1 1
i i
lI lI
[ A(x) is known as the area function which is given as; |I
]
1 » E s 1
' AR = | flx)dx '
; . |
1 1
.' Depending upon this, the fundamental theorem of Calculus can be defined as two ||
: | theorems as stated below: ' |
1 I
[ First Fundamental Theorem of Integral Calculus (Part 1) II
1
l. The first part of the calculus theorem is sometimes called the first fundamental I|
Il theorem of calculus. It affirms that one of the antiderivatives (may also be called II
1 indefinite integral) say F, of some function f, may be obtained as integral of f with a 1
II variable bound of integration. From this, we can say that there can be II
I antiderivatives for a continuous function. |
1 1
1
|I Statement: Let f be a continuous function on the closed interval [a, b] and let A(x) be [
.l the area function. Then A’(x) = f(x), for all x € [a, b]. .'
I Or I
1 1
|
|' Let f be a continuous real-valued function defined on a closed interval [a, b]. Let F be 1
ll the function defined, for all x in [a, b], by: I'
i 1
1 * 1
I F(x) = f f(t)dt I
1 1
1 “ 1
1 1
1 1
1 1
] ]
1 1
] ]
l---------------------- Page'?.sof?g ----------------------I
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1 1

1 1
1 1

1 1
'. Then F is uniformly continuous on [a, b] and differentiable on the open interval (a, ll
1 b), and F'(x) = f(x) V x €(a, b) 1
1 ' Here, the F'(x) is a derivative function of F(x). i ¥

1 1
! I Second Fundamental Theorem of Integral Calculus (Part 2) ' "
1 1
. 1 The second fundamental theorem of calculus states that, if the function “f” is I 1

1 continuous on the closed interval [a, b], and F is an indefinite integral of a function i
ll “f” on [a, b], then the second fundamental theorem of calculus is defined as: ll
I F(b)- F(a) = [ab f(x) dx I
II Here R.H.S. of the equation indicates the integral of f(x) with respect to x. II

1 f(x) is the integrand. 1
ll dx is the integrating agent. ll
1 ‘a’ indicates the upper limit of the integral and ‘b’ indicates a lower limit of the 1
: 1 integral. \ I

1 The function of a definite integral has a unique value. The definite integral of a 1
'l function can be described as a limit of a sum. If there is an antiderivative F of the I g
1 function in the interval [a, b], then the definite integral of the function is the 1
P 1 difference between the values of F, i.e.,, F(b) - F(a). II

1 i
I' Remarks on the Second Fundamental Theorem of Calculus 1 '
1 1

1 « The second part of the fundamental theorem of calculus tells us that [ .b f(x) 1
'. dx = (value of the antiderivative F of “f” at the upper limit b) - (the same Il
1 antiderivative value at the lower limit a). 1
II « This theorem is very beneficial because it provides us with a method of i b
i 1 estimating the definite integral more quickly, without determining the sum'’s " i

limit.

1 i
1 « In estimating a definite integral, the essential operation is finding a function I
l‘ whose derivative is equal to the integrand. However, this process will I !

| reinforce the relationship between differentiation and integration. .I
! i « Inthe expression [, f(x) dx, the function f(x) or say “f’ should be well i
1 defined and continuous in the interval [a, b]. lI

]

1
' 0 How to Calculate Definite Integral? . g
1
]
|I Here are the steps for calculating [, f(x)dx [

i 1
II « Determine the indefinite integral of f(x) as F(x). [t must be noticed that .|
[ arbitrary constant is not considered while calculating definite integrals since |I
1 ! 1

1 |
1 1

i i
1 1

] ]
1 1

] ]
e e S S PAgATTOITE g g g
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| 1
1 1
| 1
| i
'. it cancels out itself, i.e., ll
1 1
II ; Il
II ff(x)dx= [F(x) +C12 =[F(b)+C]—[F(a) + C] = F(b) — F(a) II
II a II
i « Calculate F(b) - F(a) which gives us the value of the definite integral of f in x I
" lying between the closed interval [a, b]. g
1 1
1 1
i Examples !
] ]
1 Q.1: Evaluate the integral: [23y2dy 1
.' Solution: Let I = [;3y2dy .'
II As we know, II
q Jy?dy = y3/3 =F(y) I
1 Therefore, by second fundamental calculus theorem, we know; |
'I [=F(3)-FQ2)=27/3-8/3=19/3 |:
|
y ! Q.2: Evaluate the integral: [12[ydy/(y+1)(y+2)] 'l
1 Solution: By partial fraction we can factorise the term under integral. 1
! y/[+D(y+2)] = [-1/(y+1)]+[2/(y+2)] So, W
1 [y/[(y+1)(y+2)] = -log|y+1|+2log|x+2| = F(y) !
'. Hence, by fundamental theorem of calculus part 2, we get; II
1 [=F(2)-F(1)=|-log3+2log4]-[-log2+2log3|1=-3log3+log2+2log4 1
- I =1log(32/27) 'I
1 |
II Practice Problems I ’
1 1
1 Get more questions here for practice to understand the concept quickly. II
', Evaluate using the fundamental theorem of calculus: 1
1 = i
I g A I
! 1. fo“ sin’ 2t cos2t dt "
! 41 [
! 2. il d.’L‘ |I
" 32 - 1
I 6x+3 |
i 1
g 3 f[) ) dx :
1 1
| |
1 1
1 . Frequently Asked Questions 1 I
1 1
. | What is the first fundamental theorem of calculus? i 1
1 1
1 1
] ]
1 1
i ]
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1 1
1 1
1 1
1 1
’ i First fundamental theorem of integral calculus states that “Let f be a continuous ' "
1 function on the closed interval [a, b] and let A (x) be the area function. Then A'(x) = 1
i f (x), for all x € [a, b]". "
1 1
! I How many fundamental theorems of calculus are there? ' "
1 1
II Two basic fundamental theorems have been given in calculus for calculating the II
i area using definite integrals: i
1 1
|l First fundamental theorem of integral calculus |l
] |
II Second fundamental theorem of integral calculus II
1 1
. . What are the 4 concepts of calculus? II
1 1
.I The 4 concepts of calculus are: ||
1 1
i 1 Limits and functions i I
1 1
1 . Derivatives 1 I
1 1
1 Integrals |
1 1 !
|I Infinite series 1
1 1
. I What is the second fundamental theorem of calculus? ! I
1 1
.' Second fundamental theorem of integral calculus states that “Let f be a continuous ||
1 function defined on the closed interval [a, b] and F be an antiderivative of f. Then II
" J{a}*{b} f(x) dx = [F(x)]_{a}*{b} = F(b) - F(a). I
1 1
I ! Who first proved the fundamental theorem of calculus? 1 .
0 The first published statement and proof of a basic form of the fundamental theorem, |
1 I strongly geometric, was given by James Gregory. Isaac Barrow proved a more ! i
[ generalized version of the theorem, while his student Isaac Newton finished the 1
i ! development of the enclosing mathematical theory. I !
]
1 I 1
1 1
1 1
1 1
1 1
] 1
1 1
| 1
1 1
1 1
1 1
] ]
1 1
] ]
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